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]
Abstract |

The first purpose of this chapter is to show that additive processes enjoy, in a generalized
sense that will be precised, the so called chaotic representation property (CRP).

This fact opens the possibility to apply the machinery introduced in Lecture 2 to function-
als of an additive process, and therefore, to construct a stochastic calculus of Malliavin-
Skorohod type for additive processes.

For the Brownian motion case, the result was proved in It6 (1951), see also Nualart (2006)
and Nualart and Nualart (2018).

For Lévy processes, the result appeared for the first time in [t6 (1956). An alternative

proof for pure jump Lévy processes was presented in Lokka (2004), see also Di Nunno-
Jksendal-Proske (2009). For additive processes the first reference is Yablonski (2008).
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]
Abstract Il

Moreover, we introduce in this lecture a canonical space for additive processes. On this
canonical space, the operators introduced in Lecture 2 will have a nice probabilistic inter-
pretation in terms of derivatives, differences or integrals.

For the Gaussian part, the canonical space will be the well-known canonical space of the
Brownian motion.

For the pure jump part, the canonical space introduced here is more convenient to our
purposes than the more traditional canonical space of cadlag trajectories. It is inspired on
the canonical space for the standard Poisson process introduced by Neveu (1977). This
canonical space, under the context of Lévy processes can be found in Solé-Utzet-Vives
(2007), Di Nunno-Vives (2016) and Solé-Utzet (2016).

Finally, we want to introduce a probabilistic interpretation of the annihilation and creation
operators D and ¢ introduced in Lecture 2 in the framework of additive processes.
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Lévy triplet |

Consider an additive process X = {X;, t > 0} with triplet (v, 02, v¢), t > 0. We denote
© :=[0,00) x R, Rp := R — {0} and © ¢ := [0, 00) x Ryg. Clearly we have

© = ([0,00) x {0}) UBO 0

endowed with the Borel 0 —algebra. Moreover

[0,00) x {0} ~ [0, c0).
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Lévy triplet Il

Recall that we have two measures associated to the additive process X.

On one hand, the measure v on ©, such that, for any Borel set B € B(R), we have

v([0, f] x B) := v4(B). Being v+({0}) = 0 for any t, when convenient, we can consider v as
a measure restricted on ©, 9. Hypotheses on v; guarantee that v({t} x B) = 0, for any

t > 0and B € B(R), and in particular, the fact that v is nonatomic and o—finite.

On other hand, we have the measure 3 on [0, c0) such that 5((s, t]) = 02 — o2, for any

interval (s, t] with s < t. Recall that function o2 is continuous, null at the origin and non
decreasing and this guarantees also that g is nonatomic and o-finite.
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Basic framework

Associated measures |

Now we can consider on © the nonatomic and o—finite Borel measure

p(dt, dx) := p(dt)do(dx) + v(dt, dx)
defined on B(©).

So, for E € B(©),

w(E) = / 5dt)+//l (dt, dx),

where E(0) ={t>0: (t,0)€ E}and E' = E — E(O

Note that x is also continuous in the sense that u({t} x B) =0, forall t > 0 and B € B(R).
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Basic framework

Associated measures Il

Then, for E € B(©) with u(E) < oo, we can define the following random measure
/ AW, + 2— lim // N(dt, dx),
oo J J{(t,x)€E: 1 <|x|<n}
that is, a centered and independent random measure such that

E[M(E)M(E2)] = 1(Eq N Ez),
for Ey, Ex € B(©) with u(Ey) < oo and u(Ez) < oc.

The measure M is a mixture of a Gaussian random measure and a compensated Poisson
random measure. We can write

M(dt, dx) = (W @ &)(at, dx) + N(dt, dx).
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Basic framework

Remark

A similar framework can be developed with measures

f(dt, dx) = B(dt)dg(dx) + x2v(dt, dx)

and

M= (W& d)+ xN

as can be seen in 1t6 (1956) and Solé-Utzet-Vives (2007), for Lévy processes.
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Multiple stochastic integrals |

Given measure u, we can consider, for n > 1, the Hilbert spaces
LZ(en) — L2 (@n’ B(e)®n7u®n>

with the usual scalar product

(f.9)n = /@ fgdu®".

By convention, we consider L2(@°) := R. Recall the well-known isometry
L2(0") ~ (L*(©))=".

Define h(c) = ¢, forany ¢ € R.
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Multiple Stochastic Integrals

Multiple stochastic integrals Il

For m > 1, we define the 1t6 multiple stochastic integrals /,(f) with respect to measure M,
for functions f in L2(@™).

Consider f :=1g,...xg,, With Eq, ..., Ep, € B(©) pairwise disjoint and with finite measure

w. Define I (f) :== M(E7) - - - M(Ep). By linearity it is immediate to extend the previous
definition to the set &, of elementary functions of type

n
f= Z Cityvovim VE, - x By,

i yeonsim=1

where we assume that constants c;, ;. are null if two of the indexes are equal.

Note that functions of £, are null at the diagonals.
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Multiple Stochastic Integrals

Multiple stochastic integrals Il
It can be shown that for f € £, we have E(/,(f)2) = m!||f||2, < m!||f||2,, and this inequality
allows to extend I, from &y, to the whole L2(©™).

These integrals have the following properties:

@ Forany f € L2(©"), we have I (f) = I,(f), where f is the symmetrization of f.
°

Eln(f) Im(@)] = 1 {m—py ! /@ Foauen.
forany f € [2(@") and g € L2(©@™).

Note that, in particular, this shows that E(/,(f)) = 0, for any f € L2(©") and n > 1.
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Multiple stochastic integrals IV

The properties of multiple stochastic integrals allow to built the following isometries.

Consider, for any n > 1, the space L2(©") as the subspace of L2(0") of symmetric
functions. This subspace is a Hilbert space endowed with the scalar product

(f,9)12(0m = M(F, 3) 12(0m) (1)
and we have the isometry

LE(O") ~ (L%(8))*"

where here ® denotes the symmetric tensor product endowed with the scalar product (1).
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Multiple stochastic integrals V

Define Cy := R and C, := {I5(f) : f € L2(©")}. This is a Hilbert subspace of L?(Q)
endowed by the scalar product

E(In(f)In(9)) = nKf,9,)20m) = (. . ) 12(0n)-

So, I, establishes an isometry between L2(©") and Cp, for any n.
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Chaotic representation property

Chaotic representation property |

Finally we can conclude that process X has the so-called chaos representation property.

Theorem: For any functional F € L2(Q, FX,P), where FX is the completed natural
filtration of X, we have

F=>I(f),
n=0

for a certain unique family of symmetric kernels f, € L2(@"). Note that fy := E(F)
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Chaotic representation property

Chaotic representation property |l

Previous decomposition is called usually the chaos expansion of functional F. We will
always assume that kernels of such decomposition are symmetric.

Thanks to the linearity and orthogonality of multiple stochastic integrals, previous

Theorem shows that the space of square integrable functionals can be decomposed in a
sum of orthogonal spaces in the following way

L2(Q) = D Cn~ P LEO") ~ P LE©)"
n=0 n=0 n=0

This allows to see L2(Q) as a Fock space and so we can apply to square integrable
functionals of an additive process all the machinery related with annihilation and creation
operators in a Fock space as introduced in Lecture 2.
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Chaotic representation property

Chaotic representation property

Proof: Itis clear that @52, Cn C L3(Q).

The difficult point is to show the completeness of the decomposition, that essentially
means that we have to show that if ¢ € L2(Q) and E(¢/n(f,)) = O for any n and f, this
implies £ = 0.

For Lévy processes, in It6 (1956), (see also Nualart and Nualart (2018) or Di
Nunno-@Jksendal-Proske), it is shown that simple multiple stochastic integrals, that are
products of type

m

[INE) —w(E) - TT AW
j=1

i=1

with E; and /; all disjoint subsets of © with finite measure ., are a total set in L2(Q).
Remember that total means that linear combinations of elements of the class are dense
in L2(Q). The extension to additive processes is quite straightforward.
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Chaotic representation property IV

An alternative method is to identify C, with the set P, of polynomials of order n of a certain
family and show that theses polynomials are a total family of L2(Q).

For the Gaussian case this is done by It6 (1951) using Hermite polynomials. For the
Poisson case this was done by Ogawa (1971) using Charlier polynomials.

For the additive case this is done by Yablonski (2008) using a suitable general family of
orthogonal polynomials built specifically in the paper for the so-called isonormal additive
processes. Lévy processes are particular cases of isonormal additive processes and Her-
mite and Charlier polynomials are particular cases of the constructed family of orthogonal
polynomials. Strictly speaking, this last paper is the only proof really suited to additive
processes | know.
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A canonical space for a pure jump additive processes

A canonical pure jump additive process

Consider in this subsection an additive process J := {J;, t > 0} with triplet (0,0, v¢). As
we know, we can write

t t ;
Jr = / / xN(ds, dx) + / / xRi(ds, ).
0 Jix|>1 0 Jix<

Recall that given the family of Lévy measures {v;, t > 0} we can consider an associated
measure v on [0, c0) x R such that, for any Borel set B € B(R), v([0, t] x B) := v4(B). In
all this subsection v denotes this measure.

We want to construct a canonical space useful for our purposes. We follow Di Nunno and
Vives (2017).
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The finite activity case on a compact interval
Finite activity in a compact interval |

Assume v is concentrated in ©1 . = [0, T] x {|x| > €} or otherwise consider the restriction
of v in this subset of ©. Clearly, v(©71 ) < oo. In this case,

t t
Jt:/ /xN(ds, dx)—// xv(ds, dx)
0 JR 0 J|x|<1
t
Ct ::// xv(ds, dx)
0 J|x|<1

and this integral is bounded by v;([—1, 1]).

We can define

Then, if we define Y; := J; + ¢, it is clear that

t
Yt::/ /xN(ds,dx)
0 JR
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A canonical space for a pure jump additive processes The finite activity case on a compact interval

Finite activity in a compact interval Il

It is clear that process Y is a time inhomogeneous compound Poisson process with
intensity v(©:.) and has a finite number of jumps in [0, T].

Any trajectory of this process is totally described by a collection of pairs (¢, x;) where
times ¢; denote jump instants and values x; denote the corresponding jump highs.

The space of this collection of pairs will be the canonical space of Y and as a

consequence the canonical space of J, being the difference only the deterministic
function c;.
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A canonical space for a pure jump additive processes The finite activity case on a compact interval

Finite activity in a compact interval Il

For this process we can define the following probability space:
a) A set Q of finite sequences of pairs (#;, x;), that is,

J ._ | n
Q7 = UnloOT,

where, for any n > 0, @’},6 is the set of all possible trajectories w with n jumps greater

than e. In particular GOT,E denotes the set of the unique no-jump trajectory that we can
denote by a.

b) The o—algebra Fr.:={BC Qf _: B=UX By B, c B(O1,)")}.
c) We define the probability measure Pr . such that, for a given B = Uy° By, of Fr ., we

have
o0 ®n
PT’E(B) — e ¥(Or,) Z v \5n) n(an)’ p®0 . Ocy-
n=0 ’
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A canonical space for a pure jump additive processes The finite activity case on a compact interval

Finite activity in a compact interval IV

Given this probability space, we define, for any w := ((t, X1), ..., (tr, Xn)) € 9476, the
canonical process

n
Yt = 2)91[0,t](1))7 Yt(a) =0.
Jj=1
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The finite activity case on a compact interval
Finite activity in a compact interval V

Given a measurable space (E, &), the collection of sets

Eqym = {C € %" : Cis symmetric }

is a o—algebra, and a function f : E" — R is ngf,’,’,,—measurable if and only if it is
£ _measurable and symmetric.

Then, we can introduce on Q7 the o —algebra

Fresym ={ACQ: A=UploAn, An € B(OT)gym}-

It is easy to see that F{e = Fr.csym-
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A canonical space for a pure jump additive processes Extension to the infinite time interval case

Extension of the canonical space to © |

Now, we extend the previous canonical space to the case J is defined on
90070 = [O, OO) X Ro.

It is easy to see that QJT . Is a metric space. Then we can define the sequence of spaces

(Q‘r{w ]:;7177 IF>f7'l)

suchthat T=mand e = .

Note that the sequences of sets ©, and Qj, are increasing. Moreover, O, o = Ums1©m
is an increasing union of sets and

00 = | (Om —Om-1)

m>1

is a union of pairwise disjoint sets.
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Extension to the infinite time interval case
Extension of the canonical space to © Il

The canonical space Q can be constructed as the unique projective limit of the sequence
of spaces {Q,, m > 1}, see Parthasaraty (1965). We skip the details, that are very
technical.

As a summary, @’ = U ,©" , and the probability measure P is concentrated on the
subset of

@ The empty sequence «, corresponding to the element («, «, ... ).
@ All finite sequences of pairs ({;, X;).

@ Allinfinite sequences of pairs ({;, x;) such that for every T and e, there is only a finite
number of (#;, x;) on any ©7 .

The associated o —algebra is Fsym := {AC Q: A= U2 An, An € B(OT )sym}-

00,0
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A canonical space for a Gaussian process with independent increments

Canonical Gaussian space

Given a variance process ¢ = {a?, t > 0}, that is, a continuous, null at the origin and
increasing function, we consider the following canonical space for an additive process
with triplet (O, o—tz, 0).

The space QW = Cy([0, o0)) is the space of continuous functions, null at the origin, with
the topology of the uniform convergence on the compacts. The o—algebra FW is the
corresponding Borel o—algebra and the probability measure P? is the probability
measure that makes the set of projections

wy .oV — R

be a centered Gaussian process with independent increments and variance process 2.
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Additive canonical space

Take a triplet (¢, 02, v¢). Consider (W, FW P%) as the canonical Wiener space
associated to process o2 introduced in the previous section. Consider (Q7, 7/, PJ) the
corresponding canonical space associated to Lévy measures v;. Let

J ) —R
the canonical additive pure-jump process associated to v.

Then we define the canonical space for an additive process as the product space

Q% x @/, FW @ F/ PY o PY).
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Additive canonical space

If we define

and
the canonical additive process is

Xt =+ Wi+ i, t >0.
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Beyond the canonical space

Beyond the canonical space |

Consider price evolutions. If we have a unique price we can identify market scenarios as
price evolutions.

But if we have different prices, we can also identify market scenarios with multidimensional
trajectories but it is more rich to consider a set Q of market scenarios and different price
evolutions as different processes defined on Q.

Note that when we work with a unique stochastic process (the same for random variables)
we always can identify Q with the canonical space without loosing generality.
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Beyond the canonical space

Beyond the canonical space |l

In our case, we observe trajectories of an additive process. Price evolutions for example.
So, our Q is the space of trajectories of an additive process. That is a subspace of cadlag
functions from [0, co) to R.

We have seen that these trajectories can be decomposed in a sum of three independent
components, a deterministic function ~, a continuous trajectory null at the origin and a pure
stepwise trajectory with certain properties, that can be identified with a sequence of pairs
of jump times and jump sizes.

Despite to use the canonical space is useful to understand deeply the action of Malliavin-
Skorohod operators, the scope of Malliavin-Skorohod calculus is wider and we can avoid
the dependence of the canonical space. See Steinicke (2014). As we have commented
above, this is necessary if we want to consider different additive processes.
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Malliavin-Skorohod operators for multiple stochastic integrals

Malliavin-Skorohod operators for multiple stochastic integrals

Let us introduce, first of all, the operators in the setting of multiple stochastic integrals.
Consider an additive process X = {X;, t > 0} with triplet (11, 02, vy).
We assume t € [0, o), but of course, things can be re-written with ¢ € [0, T] for T > 0.

For any F € L?(Q, FX,P), we have

F=>h(f),
n=0

for a certain unique family of symmetric kernels f, € L2(8").

Recall that /, denotes the multiple stochastic integral of f, with respect the random
measure M with intensity n introduced in previous lectures, and © = [0, c0) x R.
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Malliavin-Skorohod operators for multiple stochastic integrals

The gradient operator |

From the isometry between f, and I,(f,) we can introduce the following gradient operator,
that is the version of the abstract annihilation operator introduced in Lecture 2 in the new
context of functionals of an additive processes.

Take F € L?(Q). Let {f,, n > 0} be its associated symmetric kernels. Assume

> nnl[fo] |22 gny < oo (2)
n=1

We say that functionals that satisfy this condition belong to DomD.
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Malliavin-Skorohod operators for multiple stochastic integrals

The gradient operator |l

For any F € DomD we can define the gradient operator
D:Fcl?Q) — DF € L2(© x Q)

such that

DoF = 3" nlp_1(fol-,6)), 0 € ©

n=1

where the convergence of the series is in L2(© x Q, u ® P).
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Malliavin-Skorohod operators for multiple stochastic integrals

The gradient operator Il

Notice that the condition to belong to DomD guarantees that Dy F is well-defined and that
operator D is a closed and unbounded operator as we have seen before.

Note also that DomD is a Hilbert space with the scalar product

(F,G) == E(FG) + E /@ Dy FDy Gya(dlf).

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 34/131



Malliavin-Skorohod operators for multiple stochastic integrals

The divergence operator |

The corresponding creation operator § acts now in the following way.

Let u € L?(Q x ©). We can represent process u as

u(@) = Z /n(fn(‘a ‘9))
n=0

with f, € [2(©"1) and symmetric with the first n variables. Denote by , the
symmetrization of f,.
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Malliavin-Skorohod operators for multiple stochastic integrals

The divergence operator |l

Define Doms as the subspace of processes of L?(Q x ©) such that

o0

Z(n + 1)"ﬁ””i§(@n+1) < 0. (3)

n=0

For processes of Domd we can define

6(u) =3 i (Fo)
n=0

that clearly is a well-defined sum in L2(Q).
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Malliavin-Skorohod operators for multiple stochastic integrals

The duality formula

As we have proved in Lecture 2, for any u € Domé and F € DomD we have the duality
formula

E[FS(u)] = E /@ u(9) Dy Fu(d).

Other formulas seen in Lecture 2, converted to the language of multiple stochastic
integrals are

© Given F € L?(Q) we have

E(F|ft) = Z ln(fn(0‘| A 7917)1 {max1§,§n t,<t})
© Forany s, t > 0, we have

Dt,xE(F|]:s) = E(Dt,xF’fs)1[0,s](t)-
Note that this implies that if F is Fs—measurable and t > s, D; xF = 0.
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Malliavin-Skorohod operators for multiple stochastic integrals

Malliavin derivative for multiple stochastic integrals |

So, we have now definitions of operators D and § on the spaces L2(Q2) and L2(Q x ©) and
we want to give a probabilistic interpretation of them.

Recall from previous lectures that in the canonical space we have the decomposition
Q = Q% x @/ and our functionals can be written as F(w",w’) where w" represents a
random selection of a continuous trajectory under the law PV and w is the random
selection of a path-wise trajectory under the law PY.

So, in particular, we can see elements of L2(QY x Q) as elements of L2(QW, 2(QY)), or

alternatively, of L2(Q/, L2(2"). In both cases we have random elements taking values in a
Hilbert space.
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Malliavin-Skorohod operators for multiple stochastic integrals

Malliavin derivative for multiple stochastic integrals Il
Note that given f : ©" — R, positive or u®" integrable, and denoting 6, = (s, x), we have

L = [ [ G0, (.00 (B p-1)5(ds)on( oK)
o [0,00)x {0} Jon—1

+ / / f(01,...,0,,,1,(s,x))d,u®”_1(91,...,0,,,1)u(ds, dX)
[0,00) xRg J @71
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Malliavin-Skorohod operators for multiple stochastic integrals

The Gaussian particular case

Assume function /3 associated to X is not null. We can consider the space DomDW as the
set of functionals F € L?(Q2) such that

[e.9]

nn! / / F(01,. .01, (5,0))28(at)50(dX) L™ (81, . .., On_1) < 00
[0,00)x {0} Jon—

n=1

and, for F € DomD"Y, to define

Dt70F = Z nln—1 (fn(', (tv 0)))

n=1

as an element of L2([0,00) x Q, 8 ® P).
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Malliavin-Skorohod operators for multiple stochastic integrals

The pure jump particular case

Analogously, if the associated measure v is not null, we can define the set DomD" of
functionals of L2(Q" x Q) such that

Znnl/ | /@ F(B1, .., 6n1, (5, X))2du®" 1 1(ds, dx) <
OOX]RO n=

and in this case to define

D@F = Z nln—1 (fn('7 ‘9))

n=1

as an element of L2([0,00) x Ry x Q,v @ P).
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Malliavin-Skorohod operators for multiple stochastic integrals

The general case

It is immediate to see that in the case of measures 8 and v are not null we have

DomD = DomD" n DomD”.
Note that in the general case, measures 8 and v are not null. In this case, the operator D,
foraf € R, is Dig or Dy, for x € Ro.

So, to give a probabilistic interpretation of D is equivalent to give probabilistic
interpretations of operators D; o and D x for a x € Ro.

Note that if measure 3 is null we have a pure jump additive process and D;oF = 0 and if

measure v is null, the additive process becomes a Gaussian process with drift and
D xF = 0, for any x # 0.
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Malliavin-Skorohod operators for multiple stochastic integrals

The Clark-Haussmann-Ocone formula |

Let Ac B(©) and Fp:=oc{M(A): A € B(©),A C A}.

@ Fis Fp—measurable if for any n > 1, f,(64,...,6,) = 0, u®" — a.e. unless
ficA YVi=1,...n
@ In particular, we are interested in the case A= ©;_ := [0, t) x R. Denote

Fi— = Fo,_. Obviously, if F € Dom D and it is F;— —measurable then Ds xF = 0 for
a.e. s>tandany x € R.
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Malliavin-Skorohod operators for multiple stochastic integrals

The Clark-Haussmann-Ocone formula Il

From the chaos representation property we can see that for F € L?(Q),

[ele] n

E[FIFe]=>_ I(fa(01,--,00) [ 10.0(1)-
n=0 i=1

Then, for F € DomD we have

Ds,xE[F|]:t—] = E[DS,XF|]:t—]1[O,t)(S)7 (Su X) € 0.
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Malliavin-Skorohod operators for multiple stochastic integrals

The Clark-Haussmann-Ocone formula Ill

Using these facts we can prove the very well known CHO formula:
If F € DomD we have

F = E(F) + 6(E[D¢xF|F-]).

@ Note that being the integrand a predictable process, the Skorohod integral § here
above is actually an It6 integral.

@ Note also that the CHO formula can be rewritten in a decompactified form as

F =E(F) + / E(DsoF|Fs_)dWs + / E(DsxF|Fs_)N(ds, dx).
0 ©

00,0
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Probabilistic interpretation of operators for Gaussian additive processes

The Gaussian case |

Assume now that W = {W;, t > 0} is an additive process with triplet (0, 3, 0), that is, a
centered Gaussian process with variance process o2 = {a?, t>0}.

Recall that function § is continuous, null at the origin and increasing. It can be seen as a
diffuse and o—finite measure on [0, o). The case 5 is the Lebesgue measure
corresponds with the case W is the standard Brownian motion. Note also that if W
denotes a standard Brownian motion we can write W; = /3(t) W;.

Therefore, W is a continuous and centered Gaussian process defined on the complete
probability space (Q%, FW, PW) introduced in previous lecture. Denote by Ey the
expectation with respect to P%.
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Probabilistic interpretation of operators for Gaussian additive processes

The Gaussian case |l

Recall that Q" = Cy([0, x0)), FY is the o —algebra generated by the topology of the
uniform convergence on compact sets and PV is the Wiener measure. Recall also that
FW coincides with the c—algebra generated by the cylinder sets.

Given Cy, ..., Ck, subsets of R we have
k
P(W(t) € Cy,..., W(k) € C) = / [T pi(xiz1, xi)ax - - - axi
C1 ><---><Ck i=1
with

(Xi — Xi_1)? )

pi(Xi_1,%) == (27 (B(t) — B(ti_1)))"2 eXp{_Z(ﬁ(t,-) TT)
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Probabilistic interpretation of operators for Gaussian additive processes

The Gaussian case Il

Also from previous lecture we know that process W enjoys the chaotic representation
property and therefore we can apply the machinery developed in Lecture 2 to this case.

So, the purpose of this subsection is to give the probabilistic interpretation of operators D
and ¢ in the Gaussian setting.

Recall that we are in a particular case of the framework of previous lecture, with M = W,
a centered independent random measure on [0, co) with variance or intensity 5. The
multiple stochastic integrals are integrals with respect W.

First of all we present the theory for functionals of process W taking values in R and later

we extend it to functionals taking values in a Hilbert space. This extension will be
necessary for our purposes as we have commented in the previous section.
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator |
We introduce now the probabilistic interpretation of operator D.
Let F be a random variable defined on Q". Take g € L?(]0, o0), 3). Define

t
A(t) = /0 a(s)5(ds)

Note that ~ is a well defined continuous function, null at the origin, and so, it belongs to
QW. Then, we can define the directional derivative of F in the direction of ~ as

(D, F)(w) := i(F(w +e)(0) = lim Flw+ 676) — Fw)

With this definition we are defining (Gateaux type) derivatives of F in the directions
defined by functions ~, but not necessary in all possible directions in the Banach space
QY. The space of all functions v endowed with the norm ||v||ay := ||g]|,2 is called the
Cameron-Martin space and denoted by CM.
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Probabilistic interpretation of the gradient operator |l

Definition: Given a random variable F, if D, F exists in L2(QW) for any v € CM and
moreover it exists a process ¥ (w, t) € L2(QY x [0, c0)) such that

/ W(w, 0g(1)B(al),

for any g € L?([0, o), 3), we say that F is stochastically differentiable and define its
stochastic derivative as

DiF(w) == ¢(w, 1).
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator |l

Consider now the set P, of polynomials on R". Denote by p an element of P. Given n and
fi, ..., f, functions of L2(]0, c0), 3), we denote by S the class of functionals

F:=p(h(f),..., h(f)).
We can see that these functionals are stochastlcally differentiable.

We have the following chain rule:

Proposition: The functional F := p(/(f), ..., l(f,)) is stochastically differentiable and

DiF = (0ip)(h(fr), ..., h(f)f(t).

i=1
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator IV
Proof Take ~ with kernel g € L?([0, o0), 3). Then,

C‘,’p(h () +e /0 T R(9)9(8)(08), ., h(fn) ¢ /0 " (9)g()5(0s))
- Z&p(h(ﬁ) G () +e / i(s
_ Za,p LR, .., h(F) / £(s)g(s)B(ds))

- /O (5 ap(h(R)s ... h()()a()5(05)).
i=1

So,
n
DiF =3 i1 (9ip)(h(f), ..., ()£ (1).
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator V

Corollary: The functional F := p(W(t), ..., W(ty)) is stochastically differentiable and

DiF =Y (9p)(W(t), ..., W(ta))1[0,51(2)-

i=1
Proof: The proof is straightforward from the previous proposition taking f; = 1g 4 for
i=1,...,n.

Given F € S we can consider the norm

1Fll1.2 = {E(|F[?) + E(||DF][3)}2

and define the domain D'2 as the closure of S with respect to this norm.

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 53/131



Probabilistic interpretation of the gradient operator VI

The following lemmas ensures the operator D defined on S is closed.
The first one is a integration by parts formula in D2
Lemma: Consider F, G € D'2. Let v € CM with kernel h € L2(3). Then,

E[D,F - G] = E[FG / ~ h(s)aWs] — E[F - D, G].
0

Proof: See Di Nunno-Oksendal-Proske (2007).
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator VII

Lemma: Let {F,,n > 1} C S such that converges to 0 in L?(Q2). Assume moreover that
{DF,,n > 1} converges in L?(Q x [0, c0)). Therefore,

lim D¢Fp = 0.
ntoo
Proof: Given any G € S and v € CM with kernel h € L2(j3) we have
E[D.F, - G| = E[F,G / h(s)dWs] — E[FaD. G].
0
By hypothesis, the right hand side converges to 0. Therefore, the left hand side converges
to 0 for any G € S. Being S dense and using the hypothesis that D, F, converges in

L2(Q%) we conclude D, F, converges to 0. Finally, since it holds for any v and h € L?(3)
we obtain the result.
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator VIII

Therefore, if F € D2, there exists a sequence {F,, n > 1} C S such that F = limpoo Fp
in L2(Q%) and DF, converges in L2(QW x [0, 00)). Then, we can define

DF = lim DF,
ntoo

and

DF = /OOO DsF g(s)3(ds).
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator IX

Note that the stochastic derivative of F is an element of L2(Q" x [0, c0)).
The purpose now is to show that D2 C D2 and for F € D'? we have D;F = D;F.
In this sense D, the stochastic derivative defined on the canonical space of the Gaussian

additive process QW coincide with the annihilation operator D defined before, and so, is
its probabilistic interpretation.
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator X
Note first of all that the two operators coincide on random variables of the first chaos.
Take F := [, f(s)dW(s) with f € L?(3). Take v € CM with kernel g € L?(B). Then,

Flw+ )= ([ He)aW@)w+en) = [ fs)duls) +e [~ (5)g(s)3(as)

0 0 0
and the derivative with respect to € evaluated at e = 0 is equal to
| fo)ats)sas)

So, seeing the corresponding definitions, we have that F € D12 and D;F = f(t), for any
t > 0andw € QY. Note that this coincide with the annihilation operator D;F. Note in

particular that if f := 1o ,;, we have

DiW(u) = 1p0,4(1).
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator XI

The following proposition shows the definition given above coincide with the annihilation
operator introduced in Lecture 2.

Proposition: Let F ¢ ]D):,"/2 with chaos expansion

F=>I(f),
n=0

where f, € L3([0, 00)"), for all n > 0. Then, F € D2 and

DiF =) nlp_q(fa(-, 1))

n=1

Therefore D:F = D:F and D is the probabilistic interpretation of D in the canonical space.
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the gradient operator XII
Proof: By linearity and denseness it is sufficient to prove

Dilm(fm) = mlp_1(fm(-, 1)).
For

fm(t1 )ty tm) = 1A1 ><~--><Am(t1 Yoty tm)a
where Aq, ..., An are pairwise disjoint Borel sets with 5(B) < co, we have
Di(Im(fm)) = Di(W(A1)--- W(Am))
m
= ST WA WA )W(A) - W(AR)14(1)
j=1

= M1 (fm(-, 1)).
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Probabilistic interpretation of operators for Gaussian additive processes

Chain rule |

A very useful rule to manage the Malliavin derivative is the following chain rule.
Proposition: Let ¢ a Lipschitz function on R™ with Lipschitz constant K > 0. Let
F=(FM, ... F(M) arandom vector such that F) ¢ D2 forany i =1,...,m. Then,

©(F) € D' and there exists a random vector G = (G("), ..., GI™) such that |G")| < K
foranyi=1,...,mand

D((F) = Y- GIOFO.
i=1

Proof: Nualart (2006)
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Chain rule ll

A particular case is when function ¢ is continuously differentiable with bounded partial
derivatives. In this case we have the following result

Proposition: Let ¢ a function of C;(]R'"). Let F = (FM, ..., F(M) a random vector such
that F() e D2 forany i = 1,...,m. Then, ¢(F) € D™ and

D((F)) = _(9ip)(F)DF.
i=1
Proof: Nualart (2006)

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 62/131



Product rule

An important corollary is the following

Corollary: Let F and G two random variables of L2(£2). Assume one of the two following
conditions is satisfied.

i) F,GeD"?and F and ||DF|| are bounded.
i) F and G have a chaos expansion with a finite number of terms.
Then, we have the following product rule

D(FG) = FDG + GDF.

As we will see, the previous properties are specific of the Gaussian setting. The formulas
in the pure jump setting will be different. For example the product rule is different.
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Probabilistic interpretation of the divergence operator |

Let us study now the probabilistic interpretation of operator §. The main result is the fact
that for adapted processes, the operator § coincides with the It6 integral.

Let u € L?(Q x [0, 0)). We know we can represent process u as

u(®) =Y n(fa(-,0))
n=0

with f, € L2([0, 00)™1) and symmetric with the first n variables. Denote by 7, the
symmetrization of f,.

The domain Doms is the subspace of processes of L2(Q x [0, o)) such that

o0

D+ DUl T2 aypety < o0 (4)

n=0
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Probabilistic interpretation of operators for Gaussian additive processes

Probabilistic interpretation of the divergence operator Il

For processes of Domd we can define

6(u) = Z In+1 (?n)
n=0
that clearly is a well-defined sum in L2(Q).
Note that ¢ is a linear operator from L?(Q x [0, c0) to L2(Q). It is immediate to see that
E(d(u)) = 0 because multiple stochastic integrals have zero expectation except in the

case n = 0 that not appears in the expansion of §(u).

As we have seen before, u € L?(Q x [0, 00)) is adapted if and only if f,(t;, ..., t) = 0 for
alln>1andt < maxi<j<pt.
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Probabilistic interpretation of the divergence operator lll

The following result characterizes the operator ¢ as an integral. For adapted processes it
is a generalization of the 1t6 integral.

Proposition: Let u € L?(Q x [0, 00)) an adapted process. Then, it belongs to Doms and

5(u) = /OOO u(s)dWs.

Proof: Nualart (2006).
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Probabilistic interpretation of the divergence operator IV

Finally, we can see the Skorohod integral § as a stochastic process defining

6{'(u) = 6" (U1 ).

The following formula is very useful and it is also specific of the Gaussian setting.

Proposition: Assume F € DomD% and u € Doms"W. Assume moreover
F-uel?(Q x[0,00)). Then, F-u e Doms and

SW(F . u) = Fo%(u) - /Oo u DY F3(d)
0

provided one of the two sides of the equality belongs to L?(Q).
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Probabilistic interpretation of the divergence operator V

We define the space }LL’VZ := L?([0, ); DomDW), that is the space of processes
u € L2(]0,00) x Q%) such that uy € DomDWY, for almost all t, and Du € L?(QY x [0, x0)?).

It can be proved that IL};* € Doms" and

Ew (8" (u)?) < lull?, 12 1= Ew(11UlfZ2(10,00)) + Ew (10" UlZ2(10 opey)-
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Extension to Hilbert space values random variables |

As we have commented before, the operator D can be extended to random variables
taking values in a Hilbert space H.

Let SW-H the set of smooth H—valued random variables of the form

n
F=>_Gih
i=1

where h; € H and G; is a smooth random variable of type f(W(hy), ..., W(hp)) with
feSp.
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Probabilistic interpretation of operators for Gaussian additive processes

Extension to Hilbert space values random variables I

Then, we define

n
DF => " DG;® h;

i=1

and denote by DomD the completion of SW:H by the norm defined by

[1F (.4 = E(/FI[Z) +E/0 [|D:FI[E,5(dt)-

As we have seen before, this will be useful to interpret the operator D; o.
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Probabilistic interpretation of the operators for pure jump additive process

The pure jump case

In this section we establish the operators and the basic calculus rules of a Malliavin-
Skorohod calculus with respect to a pure jump additive process on the canonical space
defined before. | follow essentially Di Nunno - Vives (2017).

Now X denotes an additive process of triplet (0,0, ;) and the process is determined by
the associated measure v defined on © o.
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Probabilistic interpretation of the operators for pure jump additive process

Basic canonical transformations

Let 0 = (S, X) € Ou 0. Letw € QY, thatis, w := (61,...,0n,...), with §; := (s, X;).

We introduce the following two transformations from ©,, x Q7 to Q7 :

63_(«} = ((S,X), (S1,X1), (82, Xg), .. .),

where a jump of size x is added at time s, and

eg_w = ((81 , Xq ), (32, Xg), c. ) — {(S, X)},
where we take away the point § = (s, x) from w.

Observe that ™ is well defined on Q7 except on the set {(6,w) : 6 € w}, which has null
v ® P measure. We can set by convention that on this set, e, w := w. The case of ¢ is
also clear. In fact this operator satisfies ¢, w = w except on the set {(6,w) : § € w}. For
simplicity of the notation, when needed, we will denote &, := €g,W-

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 72/131



Probabilistic interpretation of the operators for pure jump additive process

Basic canonical operators |

Two previous transformations are analogous to the ones introduced in Picard (1996),
where they are called creation and annihilation operators. Here, we develop the theory
constructively on the canonical space. See Meyer (1993) for general information about
creation and annihilation operators in quantum probability.

Let L°(Q27) denote the set of random variables defined on Q7 and by L%(©, ¢ x Q) the
set of measurable stochastic processes defined on ©, ¢ x Q. Now we consider the
following two definitions:

Definition: For a random variable F € L°(Q”), we define the operator

T L9(Q7) — L9040 x @),
such that (ToF)(w) := F(ejw).
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Probabilistic interpretation of the operators for pure jump additive process

Basic canonical operators Il

If Fis a F/-measurable, then

(TF)(-): Ono0 x Q2 — R
is B(QOuo0) ® F/— measurable.

Moreover, it F = 0, P-a.s., then TF(:) =0, v @ P-a.e.

So, T is a closed linear operator defined on the entire L°(Q”). See Solé-Utzet-Vives
(2007).

From now on we use for any m > 0 the notation ©,, = [0, m] x {|x| > %} C O,0-
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Probabilistic interpretation of the operators for pure jump additive process

Basic canonical operators |

If we want to secure 7.F(-) € L' (©c0,0 X QY), we have to restrict the domain and
guarantee that

E/ |ToFlv(do) < oo

00,0

Remark that this requires a condition that is strictly stronger than F € L'(Q”). Concretely,
we have to assume that

—V@m @m
Ze( 1>2n,/ o PO ) . (d0n) <

whereas F ¢ L'(Q) is equivalent only to

E:e Om—Op az '/ F(61,...,00)|(d8)...v(d6n) < o
n em 1
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Basic canonical operators 1V

Definition: For a random field u € LO(@OO’O x ), we define the operator

S:DomS C %O, 0 x /) — Lo(QY)
such that

(Su)w) = | N0, ) = 3t 2) < o
In particular, if w = a, we define (Su)(«) := 0.

The operator S is well defined on L'(©, o x Q) as the following proposition says:
Proposition: If u € L'(©,, x QY), Su is well defined and takes values in L'(Q). Moreover

g
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Probabilistic interpretation of the operators for pure jump additive process

Basic canonical operators V

Proof: Fix QJ, and denote, for any n > 0, w := (64,...,60,) and 0 := (s, x). Denote also
Cm = e 7(®m)_ We have

n

1@(1%/e U(ey w)N(dB,w)) ‘,’:’T/HZU@ Ors e Brr . O)0(d0r) - - - ()

m j=1

=.c
_ anr/ nug(01, ..., 0n—1)v(db1) - - v(dbs_1)v(d0)
n=1 " m

_ i s /@ 1/emu9 01, O 1)0(d01) - (d0y_1)p(d6)
_ Zn/el /mu9(91,...,9/)u(d91)---u(d9/)u(d9):E(1Q%/emU9V(d9))

The general case comes from dominated convergence.
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Probabilistic interpretation of the operators for pure jump additive process

Basic canonical operators VI

Remark: Formula (5) is a version, in our canonical space, of the so-called Mecke formula.
See, for example, Peccati-Reitzner (2016)..

Remark: We have proved that L' (0., x /) € DomS. Moreover S is closed in L' as an
operator from L'(©,,0 x Q) to L'(Q). In fact, if we take a sequence u(™ € L'(0,, x Q7)
converging to 0 in this space and we assume that Su(") converges to G in L'(Q”), we can
show that G = 0. This is immediate because

E|G| < E|G — Su| + E[Sul"|.

Indeed, the first term in the right hand side converges to 0 by hypothesis and the second
one can be bounded by

E|Su™| <E / U™ (e7 )N, w) = E / U™ |(d6),

0,0 eoo,O

which also converges to 0 by hypothesis.
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Probabilistic interpretation of the operators for pure jump additive process

Basic canonical operators VIl

Remark: Given 0 = (s, x), for any w, we can define &s as the restriction of w to jump
instants strictly before s. In this case, obviously, ¢, &s = &s. If u is predictable we have
Ug(w) = Ug(@s). In this case, we have

Up(eyw) = Up((e; w)s) = Up(@s) = Up(w),
and

Up(e, w)N(dO,w) = /@ Ug(w)N(db,w).

(su)) = [

00,0
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Probabilistic interpretation of the operators for pure jump additive process

Basic duality formula |

Hereafter we introduce a fundamental relationship between the two operators S and 7:

Theorem: Consider F € L°(Q”) and u € DomS. Then F - Su € L'(Q7) if and only if
TF-ucLl'(©y0 x Q7)) and in this case

E(F - Su) :IE/ ToF - up 1(db).
eoo,O
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Probabilistic interpretation of the operators for pure jump additive process

Basic duality formula |l

Proof: Using the fact that F is symmetric, we have

E(F-Su-1gy) = i Cm [ F(by,...0,)(Su)(b,...,00)1(d61) - 1v(d6h)

|
n=1 - Jep,

00 C " )
— ;n!/e"m F(017'--9”);[“’9:'(“/)’/(5191)“-I/(dﬁn)

[e’e] n
- ZZ%”]/@" TorF (010, . On) U, (&1)(d3) --- ()

n=1i=1

= Son [ T 0 )u@n)o(81) (B ()
n=1 ! enm_1 Om

_ E(1QIJH /@m ToFup y(de))

Finally, we extend the result to Q“ using the dominated convergence theorem.
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Probabilistic interpretation of the operators for pure jump additive process

Basic rules of calculus |

Moreover we obtain the following rules of calculus:
Proposition: If u and 7 F - u belong to DomS, then we have F-Su = S(TF -u),P— a.e.

Proof: This is an immediate consequence of the fact that 7, F(%;) = F(w).
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Probabilistic interpretation of the operators for pure jump additive process

Basic rules of calculus Il

Proposition: If u and 7 u are in DomS, then Ty(Su) = up + S(Tpu), v @ P — a.e.

Proof: For the left-hand side term, we have
To(Su)(w) = (Su)(egw) = Up(w) + Z Up,(€5,¢5 w)
and, for the right-hand side term, we have
Up() + S(Tgu)(w) )+ Z Uy, (€5 e

The equality comes from ¢, ejw = ¢j e w, v @ P — a.e.
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Intrinsic operators |

With the results of the previous sections we are ready to introduce two operators which
also turn out to fulfill a duality relationship.

These operators will be hereafter called intrinsic operators, being defined constructively
on the canonical space.

We define the operator
Vy:=Tp— .

Observe that this operator is linear, closed and satisfies the property

\UQ(F G) =GVyF + FVyG+ \UG(F) \UQ(G).
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators |l

On other hand, for u € LO(GOO,O x ), we consider the operator:

£ :Dome C L0, x /) — L2(QY)
such that
(EU)(w) = /e Us(w)(d).
00,0

Note that Dom¢ is the subset of processes in L°(©, ¢ x Q) such that u(-,w) € L'(©x0),
P—a.s. On other hand recall that, for w fixed, we have ¢, w = w, if § # 6;, for any i, and
that v({6 : 6 = 0;, for some i}) = 0. So,

J

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 85/131

Up (e, w)r(dB) = /e Up(w)v(db), P—a.s. (6)

00,0



Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators |l

Then, for u € Dom® := DomS N Dom& C L%(0., 0 x Q), we define

du:=Su—£u.
Remarks:
a) Observe that L'(©4 0 x 27) C Domo.

b) Note that from Mecke formula and (6), we have that E(®u) = 0, for any
ue L' Oy x Q).
c) Moreover, for any predictable u € Dom® we have

o(u) = / Up (w)N(dB, ),

00,0
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators IV

As a corollary of the basic duality formula we have the following result:

Proposition: Consider F € L9(Q”) and u € Dom®. Assume also F - u € L'(©,,0 x ).
Then F-ou e LY(Q/)ifand only if WF - u € L'(©,,0 x Q7) and in this case

E(F - du) = E(/@ WyF - up y(d&)).

00,0
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Intrinsic operators V

Analogously to the previous subsection we have also the following two results that can be

proved immediately from previous results and recalling the definitions ¥ = 7 — Id and
d=85—-E&.

Proposition: If F € L%(QY) and u, F - uand WF - u belong to Dom®, then we have

F-ou=®F- -u)+oWVF- -u)+EWVF-u), P-as.
Proposition: If v and Wu belong to Dom®, we have

W@(CDU) = U9+¢(\|19U), rP-—ae.

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi

June 1, 2024 88/131



Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators VI

If we change v(ds, dx) by x?v(ds, dx) and we define the operators

(Eu)(w) = /@ Us x (c0) X2 (dis, dX)

00,0
and
»=5-¢

we can prove similar results to the previous ones.
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Intrinsic operators VII

For example, if F € L°(Q”), u € Dom®, and F - u € L'(©40 x 27), then F- du e L'(Q) if
and only if WF - u € L'(©40 x Q) and in this case

E(F-cﬁu):E(/@

Note that the domains of W and W are slightly different in view of the use of a different
measure. This has natural consequences also on the evaluations in L'. For example,

g

qjs,xF * US,X le/(dS, dX)) .

s xF|x?v(ds, dx) = IE/ |Ws xFl|x|v(ds, dx) # IE/ |Ws xFlv(ds, dx).

0,0 0,0

00,0
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals |

In the last part of this section we study the intrinsic operators ¥ and ¢ in comparison with
the Malliavin derivative and Skorohod integral DY and 7 defined before restricted to the
pure jump case, i.e. associated with N(ds, dx).

First we need to recall some preliminary results.

The following key lemma is proved in Solé-Utzet-Vives (2007) and it is an extension of
Lemma 2 in Nualart-Vives (1995).
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals |l

Lemma: For any n > 1, consider the set

OFL ={(01,-.0n) € OF 01 051§ £}

Then, for any gy € L2(6"* o) k>1,andw € Q7, we have

he(9ic)(w) = k(61 ..., 66)N(w, db) - -- N(w, dby), P—ae.

K,*
T,e

Proof: Both expressions coincide for simple functions and define bounded linear
operators. We remark that g, does not need to be symmetric.
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals

The relationships between DY and W, and ¢ and ¢ are given by the following results,

which extend corresponding results for the standard Poisson process given in Nualart and
Vives (1995).

Lemma: For a fixed k > 0, consider F = Ix(gx) with gx a symmetric function of L2(e’;;f0).
Then, F belongs to DomDY N DomV and

DY I(gk) = Vik(gk), v@P—ae.
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Intrinsic operators and multiple stochastic integrals IV

Proof: The fact that F € DomD’ N DomV is obvious. From the definition of W we obtain

Vo lk(gk)(w) = Ik(gk)(eg w) — I(9k)(w)

:/ek’* (01, -, Ok)N(eg w, db4) - - N(ej w, db)— /e"’* (01, -, 0k)N(w, dby) - - - N(w, dg
00,0 00,0
k ~
= [ s 00 T[N a0 + NO.do)) = [ Gul0s.....00 HN ).
00,0 i=1 00,0

Using the fact that gi is null on the diagonals, only the integrals with k — 1 mtegrators of

type N and one integrator of type N remain. Using the fact that gy is symmetric in the last
expression we obtain

Vol (9k)(w / k(01 .., 0k_1,0)N(w, dby) - - - N(w, dbk_1) = Dy Ik(gk)-
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals V

Lemma: For fixed k > 1, consider uy = lx(gk(-,0)) where gk(-,-) € L2(@k+1 *)is
symmetric with respect to the first k variables. Assume also u € Dom®. Then,

o(u) =0Y(u), P-—ae.
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals VI

Proof: First of all, note that

Y (Ie(GK (- 0))(w) = hes1(Gr (- ) (W) = It (9 (-, ) ()

= [y OB B OO, 0B1) - W dOIN (o, 0) — [ ()

00,0 0,0

_Z/k* gk(91,...,Hk,G?)N(w,d91)...N(w,d@k)—/ ugv(d6),
i /90 O

where the different 0/9 are the jump points of w = (69,69, ...).
Recall that gi, the symmetrization of g, with respect to all its variables, is null on the
diagonals, so 0/9 has to be different of all 6, fori =1, ..., k.

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 96/131



Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals VII

Now observe that we can write N(w, d6) = N(69, d6) + N(e ow, d6), where, for simplicity,
i

we write & := €,w. Then we have,
i

)
- ZZ < > / 01’”'79k’9}))N(0})’ dby)- - N(Q}), d@/)N(w], dyq) - (ij dby)
- / Ugl/(de)
SIS
= Z/@k* 91,.. 9k,9] )N(w],d91)'-./§/(@j, d0k) —/ ugy(dg) — (D(U).
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals VIII

Remark: Recall that u € [2(©4, 0 x 27) does not imply that u € L'(©,, x 27), nor that
u € Domo.

Theorem: Let F € L?(Q”). Then F € DomD" if and only if WF € L?(©4,0 x 2’) and in
this case we have

D'F=vF, veP-ae.
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals X

Proof: Note that F ¢ DomV¥ because DomV is the entire LO(QY).

Consider uy = Ix(gk(-,0)) and assume u € Dom®. Then, by the duality property we have
formally that

E / Dy Fug(d6) = B(F5*(u)) = E(F(u)) = E / W, Fupi(do). )
Oc0,0 €]

00,0
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Probabilistic interpretation of the operators for pure jump additive process

Intrinsic operators and multiple stochastic integrals X

The objects in (7) are well defined either if F € DomD” or if WF € L?(©,, 0 x Q).

In particular the previous equalities are true in the case

(01, ..., 0k, 0) :=14,(01)---14,(0k)14(0),

for any collection of pairwise disjoint and measurable sets Ay, ..., Ak, A with finite
measure v.

In fact in this case u € L'(©4 0 x 27) € Domd. So, in particular we have

B35 . x) [ DIFA(E0) = BUZE,.n,) [ WoF(d)).

By linearity and continuity we conclude that WF = D'F, v @ P — a.e.
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Intrinsic operators and multiple stochastic integrals Xl

Theorem: Let u € (0., x /) N Domd. Then u € Doms” if and only if du € [2(QY)
and in this case we have
su=du, P-as.

Proof: Let G = Ik(gx). Note that G is in DomDY. Then, from previous results we have
formally that

E(5%(0)G) = E/e us DY G (db) :IE/@ UVeGr(df) = E(GO(u).  (8)

00,0
The objects in (8) are well defined if either ®(u) € L?(QY) or if u € Doms’ hold. Then the
conclusion follows.

Remark: Similar results can be obtained for the operators ¢ and V.
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The CHO formula

The CHO formula in the pure jump case |

As an application of the previous results in the pure jump case we present a CHO type
formula as an integral representation of random variables in L'(QY).

This in particular extends the formula proved in Picard (1996) for the standard Poisson
case, as well as the formulae of CHO type proved in the L? setting, see for example Di
Nunno-ZJksendal-Proske (1999).

Theorem: Let F € L'(QY) and assume VF € L'(©,,0 x Q7). Then

F =E(F)+ ®E(VxF|F-)) P-as.
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Proof

The argument is organized in two steps.

In the first step we assume first that we are in Q2. In this case, v is a finite measure
concentrated on ©,.

Given F € L'(QY) we can define, for every n > 1, F, such that F, = Fif |F| < n, F, = niif
Fn>nand F, = —nif F < —n. Of course, F, € L?(QY). And moreover |F,| < |F|, for any
nand

(WFn| < [TFn| +[Fol < |TF|+|F| < [WF| +2|F]|.

Applying the CHO formula for square integrable functionals and previous results we obtain

Fn=E(Fn) + ®(E(VoFn|Ft-)), P-—as.
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The CHO formula

The CHO formula in the pure jump case |l

Being v finite, we note that WF, € L2(0,, ¢ x Q) and
E(W@Fn’f}_) S L2(@m70 X QJ) N Domd.

Using E(VyF,|Ft-) is predictable, we obtain
Fn= IE(Fn) +/ (W@Fn‘]:t ) (d@) P—a.s.
Om

Clearly, F, — E(F,) converges in L' to F — E(F). So, to prove the formula, for F € L'(Q3),
it is enough to prove that

/@ E(W(F — Fo) Fi)N(08) —ppoc O,

with convergence in L'(QY).
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The CHO formula

The CHO formula in the pure jump case IV

Indeed we have

| /e E(Wo(F—Fn)| Fe )N(d0)| < / E(Wo(F— Fp)||Fi)N(dB) / E(|Vo(F—F)|| Fr)(d

m @m

So, it is enough to show that both terms of the sum on the right-hand side converge to 0.
Observe that these two quantities have the same expectation, which is equal to

IE:/@ |Wo(F — Fp)|v(dB).
Now, the sequence |V(F — F,)| converges to 0, P-a.s., and it is dominated by

(W(F = Fp)l < |WF|+ [WFy| < 2(JWF| + |F]),

as this last quantity belongs to L' (©, x Q) by hypothesis.
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The CHO formula

The CHO formula in the pure jump case V

Now we consider the general case. Then we have

Flgs —E(Flqs) =1qy / E(W9F|.7:t_)N(d9), P—as.
m m m em
It is immediate to see that if F € L'(Q) the left-hand side of the equality converges to
F — E(F). The convergence of the right-hand side is a consequence of the fact that

E(1gy

and the dominated convergence.

|, EweFFONE@]) <2 [ EQvoF (@)

0,0
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The CHO formula

The CHO formula in the pure jump case VI

Observe that under the conditions of the previous theorem we have

\US’XE[F‘.F}_] = E[\U&XF‘J_'}_]‘I 0,5, YV QP — a.e.

Indeed, on Q, we consider the functionals F, introduced in the proof of the previous
theorem and we have

Vs xE[Fn| Fi-] = E[Vs xFn|Ft-]1 0, veP—ae.

The sequence Vg ,F, converges a.s. to W ,F and the term is bounded in L'(©4, 0 x Q3,),
so the right-hand side term converges to E[Vs xF|Fi-]1[0,1)1qJ . Then, the left-hand side

has a limit in L'. On other hand, this left-hand side term also converges v @ P-a.e. to
Vs cE[F|Fi—]. So, the result follows.
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The CHO formula

Example 1 |

Consider a pure jump additive process L, i.e. for all t, L; can be represented by the
following Lévy-1t6 decomposition:

t t .
L= F1+/ / xN(ds, dx)+/ / xN(ds, dx).
0 J{lx|>1} 0 J{lx|<1}

Consider Lt (for T > 0). If we assume E(|Lt|) < oo, or equivalently that

;
/ / |x|v(ds, dx) < oo
0 J{lx|>1}

then we can write
T T .
Lr=Tr+ / / xu(ds, dx) + / / xRi(ds, dx).
0 {|x|>1} 0 R
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The CHO formula

Example 1 Il
On the other hand, applying the CHO formula, we have

VsxLlr = x1p0,11(8)
and

E(VsxLt|Fs-) = x10,7)(S)-
So, the conditions to apply the CHO formula are equivalent to

IE/OT/R|XV(dS, dx) < oco. 9)

So, under this condition, the CHO formula gives
T ~
Ly = E(Ly) + / / xR(ds, dx).
0 JR
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Example 1 1lI

This is clearly coherent with the Lévy-1td decomposition because, under (9), we have

.
E(L7) = rT+/ / xv(ds, dx).
0 {|x|>1}
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Example 2 |

Let X := {X;,t € [0, T]} be a pure jump Lévy process with triplet (v,1,0,,1). Let S; := Xt
be an asset price process. See for example Cont and Tankov (2004) for the use of
exponential Lévy models in finance. Let Q be a risk-neutral measure. Recall that e~"1eXt
is a Q—martingale under the following assumptions on v, and ~;:

/ e v (dx) < oo
x|=1

and

7L:/R(ey—1 — Y1qy<1y)v(dy).

See Cont and Tankov (2004) or Jafari-Vives (2013) for details.
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Example 2 Il

These conditions allow us to write without lost of generality,

t ~
X,:x+(r—c2)t+/ /yN(ds,dy),
0 JR

where
o= [ (& =1 - ym(ey)
and N is a Poisson random measure under Q.

According to CHO formula, if F = Sy € L'(Q7) and Eg[Vs xS7|Fs-] € L'(]0, T] x Q)
have

Sr = Eq(Sr) + / Eo[WsxSr|Fs 1 N(ds, dx).

Or1,0
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Example 2 Il

Observe that Ws xS7(w) = St(e¥ —1), ¢ x vy xQ— a.s., and this process belongs to
L' (©u0 x Q7) if and only if Jg |€ = 1|vL(dx) < co. Here ¢ denotes the Lebesgue
measure on [0, T].

Then, in this case, we have

Sy = Eq(Sr) +/ &’ (T=9) (e — 1)S,_N(ds, dx).
Or1p0

So, this result covers Lévy processes with finite activity and Lévy processes with infinite
activity but finite variation.
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The CHO formula in the Gaussian case

The CHO formula in the Gaussian case |

Now we want to present a version of the CHO formula for the Gaussian case that extends
the formula from the L? setting to the L' setting.

Recall that we have introduced S be the space of smooth functionals of type
F =f(W(hy),...,W(hp)) where f is a polynomial and hy, ..., h, are elements of

L3([0, 00), B).

For a given F € S, its Malliavin derivative D can be defined as

DYF .= Zn:(a,-f)(W(m), ., W(hp))h;.
i=1
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The CHO formula in the Gaussian case

The CHO formula in the Gaussian case Il

Associated to these definition and, for any p > 1, we can define the space D'” as the
closure of S with respect the norm

1
1110 := (E(IFIP + |IDYFI[})".

In particular we can consider the spaces D2 and D', as the closures with respect the
norms

1
1Fll12 == (E(IF? +IDYFII)z.

and

1Fll11 := E(IF]) + E(ID" F|1).

respectively. Observe that we have the inclusions D'P C LP(Q%) and that D2 C D', By
closure, the Malliavin derivative can be defined in any space D'*.

Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 115/131



The CHO formula in the Gaussian case

The CHO formula in the Gaussian case |

For any F € D", we have the following version of the CHO formula (see Karatzas, Ocone
and Li (1991)):

Theorem Forany T > 0 and F € D', we have

.
F:E(F)+/ E(D{F|Fi_)dW; P - as.
0

In this case we can also relate the operator D" with the operator D; o, which is restricted
to the Gaussian case. We have also the following results (Nualart (2006)):

Proposition Let F ¢ L2(Q%) such that F € DomD". Then DY F ¢ L?([0, 00) x QW) if
and only if F € DomD; ¢ and in this case,

_ W
DioF =D{"F. (10)
Josep Vives (UB) Lecture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 116/131



The CHO formula in the Gaussian case

The CHO formula in additive case |

Now, for F € L°%(Q%W x QY), we define the operator

VixF = 110,(X)DYF + 1py (X)W x F (11)

on the domain

DomV :=D'"1(QW; L9(Q)) n L°(Q/; LO(Q")).

Note that V extends Dy x from D'2(Q) to DomV. Note also that in the right-hand side of
(11), if o = 0 only the second term remains and if v = 0 only the first term remains.
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The CHO formula in the Gaussian case

The CHO formula in additive case Il

Moreover, we have the following result
Corollary: If F € L?(Q) N DomV, we have

VF € L?(040 x Q) and DF € L?([0,0) x Q) <= F € DomD,

and in this case

Dt7xF - VLXF /J, X ]P) — a.e. (12)
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The CHO formula in the Gaussian case

The CHO formula in additive case llI

Hence we can extend the CHO formula to the following theorem:

Theorem Let F € L'(Q) N DomV and assume VF € L'(0,0 x Q). Then,

F:E(F)+/

E(W&XF]]:S,)N(dS? adx) +/ IE(D!VFst)dW;’ P - as.
eoo,O 0

Remark: This CHO formula identifies the kernels of the predictable representation
property proved in Cohen (2013) in the case of additive integrators.
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Application |

Assume X is a Lévy process with that v finite. Let F € L2(Q) such that F € DomD and

/[O . (DyF)? p(dh) < oc.
,T]x

Then,

T -
F=E[F]+o / E[D;oF|F{] dW; + / / E[DyxF|FX] dN(t, x),
0 [0,T]xRg
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The CHO formula in the Gaussian case

Let be my = E(X;). The process Xi = X; — myt isa square mtegrable martlngale and

every predictable process g = {g(t), t € [0, T]} with Efo )2dt < oo, will be X
integrable and

T o~
/ 9(t)dX: = / g(t) dM(t, x).
0 [0, T]xR
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The CHO formula in the Gaussian case

The next result is a version of Galtchouk theorem and gives a representation of a random
variable as an integral with respect to the process X. For Lévy processes has been
proved in Bent-Di Nunno-Lakka-Oksendal-Proske (2003).

Consider the measure dn(x) = o2 déy(x) + dv(x) and assume F € DomD. Then

T _
F:ﬂﬂ+//ﬂWM+M
0
where
2E([DioF|F¥] + [g E[DixF|FX] dv(x)
02 + [ dv(x)

and N is a square integrable random variable that is orthogonal to every integral
fo t)dXt

ht) =2
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The CHO formula in the Gaussian case

Quadratic hedging of Asiatic options |

Here we build the quadratic hedging of an Asiatic option in a market driven by a
jump-diffusion process

Ni
X; = oW + Z Z,
j=1

where the Z; are i.i.d. with absolutely continuous distribution and P{Z; > —1} =1,
Elexp{2Z}] < o0, and {N;, t > 0} is a Poisson process of parameter )\, independent of
the Brownian motion {W;, t > 0}. We will assume that the interest rate is 0.

Let {S;, t € [0, T]} be an asset defined by dS; = S;— dX;, that is

Ni
St = So exp{oW; — o?t/2} T[] (1 + Z).
j=1
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Quadratic hedging of Asiatic options Il

Consider an Asiatic option given by the functional
1 /7 +
F— <T/o Sy~ K)".
In agreement with Galtchouk theorem, the quadratic hedging is given by

h( )_ UzE[DLOF"FtX] +fR E[DfaxFL’rt)i] I/(dX)
B 02 + [p v(dx) ’
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The CHO formula in the Gaussian case

Computation of jump derivatives |

First we compute the derivatives with respect (¢, x), x # 0 :

' s g0t [(siar—k) - (X[ syqu_k)"
(pfssnntfse ) () swn)]
(1\,) "

@)

Dt,xF —

There are four cases:
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The CHO formula in the Gaussian case

Computation of jump derivatives |l
Case 1. (1) > 0and (2) > 0. Then

X T
Dt’XF:T/t Su dU

Case 2. (1) > 0and (2) < 0. Then

T T
DLXF:(;_/O Sudu+)7(_/ Sudu—K).
t

Case 3. (1) <0and (2) > 0. Then
1 T
Dy xF = —(T/O Sudu—K).
Case 4. (1) <0and (2) < 0. Then D; xF = 0.
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The CHO formula in the Gaussian case

Computation of jump derivatives Il
It follows that we need to compute a expression like
t T
(x, / Sy, / S du)|7i-|
0 t
for a certain function f.

Note that

/Sudu s,_/ o
1‘—

/ St—
is independent of F;_.
B S I L cture 4: Malliavin-Skorohod calculus for additive pi June 1, 2024 127/131

and



The CHO formula in the Gaussian case

Computation of jump derivatives IV

Then
E[f(x, JEsydu, [ Sy du)|]-"t,} =E [f(x, a8 )7 o du)}

t .
a:/SUdU,/BZSt_
0
Moreover, we have the equality in law

o [ Sra)=c(d [ soam).
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The CHO formula in the Gaussian case

Computation of jump derivative V

Conditionally to N, = k,
1 T
5 /o Sy du
k

k—1 Ty i 7.
j=0"Ti i=0 Tk

i=0

where Top = 0 and Zy = 0. The law of (Ty,. .., T) conditionally to N, = k is a
k-dimensional Dirichlet on (0, 7).

Therefore, the expectation ]E{f(x, a, ,Bfot S"’:‘i du)] can be computed, and

t T
E[f(x. / Sy du, / Sy )| Fi_ |-
0 t
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The CHO formula in the Gaussian case

Computation of Brownian derivative |

Now we deal with the derivative of F with respect to the Brownian motion. Denote by ¢,
the distribution function of a normal random variable with variance 1/n, and let

gn(x):/x ®,(t) dt € C°.

—00

We have that limp, gs(x) — x* uniformly on x € R.
On the other hand, gn(+ fOT Sy du — K) € DomDP.
It follows that (3 [, Sy du — K)* € DomD® and

T T
|imD,ogn(1/ Sudu—K):Dto(1/ Sydu— K)*
n T o T Jo

in the weak topology of L?([0, T] x Q).
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The CHO formula in the Gaussian case

Computation of Brownian derivative |

However, for each t, a.s.,

. 1 T 1 T
Ilrrthogn(T/o Sudu—K):1{1Tf0rsudu>K}T/0 Dy0Sy du

1 T
= 1{;'IOTSUdU>K}T\/t SUdU,

and we deduce

1 T 1 T
Dt,O(T/O Sudu— l‘()+ = 1{}LT3udU>K}T[ Sudu

Finally, the expectation E[D; o F|F;] can be computed following the same rules as before.
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