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Introduction

We deal with the fractional Vasicek model of the form
dX; = (a — BX;) dt +vdBf', Xo = x €R, (1)

where BH is a fractional Brownian motion with Hurst index H € (0, 1).

It is a generalization to the fractional case of the classical interest rate
model proposed by O. Vasicek in 1977. This generalization enables to
study processes with long-range dependence, which arise in financial
mathematics and several other areas such as telecommunication networks,
investigation of turbulence and image processing. In recent years, many
articles on various financial applications of the fractional Vasicek model
(1) have appeared.

In order to use this model in practice, a theory of parameter estimation is
necessary.
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Financial applications
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Ann. Finance, 8(2-3):379-403, 2012.

Sylvain Corlay, Joachim Lebovits, and Jacques Lévy Véhel.
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H. Fink, C. Kliippelberg, and M. Z3hle.
Conditional distributions of processes related to fractional Brownian motion.
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R. Hao, Y. Liu, and S. Wang.
Pricing credit default swap under fractional Vasicek interest rate model.
Journal of Mathematical Finance, 4(1):10-20, 2014.

Lina Song and Kele Li.

Pricing option with stochastic interest rates and transaction costs in fractional Brownian
markets.

Discrete Dyn. Nat. Soc., pages Art. ID 7056734, 8, 2018.

Weilin Xiao, Weiguo Zhang, Xili Zhang, and Xiaoyan Chen.

The valuation of equity warrants under the fractional Vasicek process of the short-term
interest rate.

Phys. A, 394:320-337, 2014.
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Relation to fractional Ornstein—Uhlenbeck process

@ Fractional Ornstein—Uhlenbeck process:

» Equation:
dX; = xo + 60X, dt + odB, t>0,

» Solution: .
X = xpet + a/ e?(t=)gBH
0

@ Fractional Vasicek model:

» Equation:
dX; = (o — BX:)dt +~vdBH, t>o0,

» Solution:

t
X, = xge Pt + % (1-e") +7/ e Plt=s)gBH

0

deterministic function fO-U process

Kostiantyn Ralchenko Fractional Vasicek model Lecture 1

5/33



Fractional Brownian motion

Let (©2,3,P) be a complete probability space.
Definition 1.1

Fractional Brownian motion (fBm) with Hurst index H € (0,1) is a
Gaussian process B" = {Bf!, t ¢ R*} on (Q,§,P) featuring the
properties

(i) BY =o;

(i) EBf =0, t e RT;
(i) EBBH = 1 (12" 4+ s?H — |t — s]?H), s, t e R

Remark 1.2

From time to time, especially for introducing a stationary fractional
Ornstein—Uhlenbeck process, we will need also the fBm defined on the
whole R. The difference is that in this case

EBBH = 2 (|t)H +|s)?H — |t — s]*M), s, t e R.

= = - = =

Kostiantyn Ralchenko Fractional Vasicek model Lecture 1

EaNons

6/33



Basic properties of fBm

The following statements can be derived directly from the above
definition.

o

2]

If H= % then a fractional Brownian motion is a standard Wiener
process.

A fractional Brownian motion is self-similar with the self-similarity

. d d
parameter H, thatis, { B} = {c"B}!} for any ¢ > 0. Here = means
that all finite-dimensional distributions of both processes coincide.

A fractional Brownian motion has stationary increments that is
implied by the form of its incremental covariance:

B(Bf —BH) = (- 5" (2)

The increments of a fractional Brownian motion are independent only
in the case H = 1/2. They are negatively correlated for H € (0,1/2)
and positively correlated for H € (1/2,1).
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Further properties:

@ For H € (1/2,1) an fBm has the property of long-range dependence.
The aforementioned means that Y7, r(n) = oo, where
r(n) = EB{ (Bf',; — Bl') > 0 is the autocovariance function.

@ Due to the Kolmogorov continuity theorem, the property (2) implies
that a fractional Brownian motion has a continuous modification.
Moreover, this modification is y-Holder continuous on each finite
interval for any v € (0, H).

@ It is also well-known that a fractional Brownian motion is not a

process of bounded variation.

If H# % then it is neither a semimartingale nor a Markov process.

For any p > 1 and any H € (0,1) there exists a nonnegative random

variable £ = £(p, H) such that for all t > 0,

< ((tH(IogJr t)p) v 1) £, (3)

and there exists c¢(p, H) > 0 such that for any 0 < y < c¢(p, H),
Eexp{y&?} < oo.
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Selected books on fBm

)

)

F. Biagini, Y. Hu, B. @ksendal, and T. Zhang.

Stochastic Calculus for Fractional Brownian Motion and Applications.

Springer, 2008.
Y. Mishura.

Stochastic Calculus for Fractional Brownian Motion and Related

Processes,
volume 1929 of Lecture Notes in Mathematics.
Springer, 2008.

Y. Mishura and M. Zili.
Stochastic Analysis of Mixed Fractional Gaussian Processes.
ISTE and Elsevier, 2018.

[. Nourdin.

Selected Aspects of Fractional Brownian Motion,
volume 4 of Bocconi & Springer Series.

Springer, 2012.
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Lecture 1

© Fractional Ornstein—-Uhlenbeck process
@ Covariance structure of the fractional Ornstein—Uhlenbeck process
@ Stationary fractional Ornstein—Uhlenbeck process
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The present subsection deals with the Langevin equation that will be
written as

t
Xt:x0+9/ Xsds—i-chgL’, t>0, (4)
0

where xp € R, 6 € R, ¢ > 0 are real parameters, and B" is an fBm with
the Hurst index H. Since the model does not contain stochastic integrals
with respect to fBm, it is possible to consider an fBm with arbitrary
H € (0,1). For all H € (0,1) the equation (4) has a unique solution

t
Xe = xpe’t + HJeet/O e "Bl ds+ 0B, t>o0, (5)

which is called a fractional Ornstein—-Uhlenbeck process (fO-U).
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Note that for H € (1/2,1) the process (5) can be written in the following
form

t
Xe = xpe’t + a/ (=) gt
0
where f 0(t—s dBH is a Wiener integral w.r.t. the fBm. Evidently, the

integral fo ef(t= s)stH exists for all H € (0,1), if we understand it via
integration by parts:

t t
/ e %dBH = ¢ / e B ds + e B!
0 0]

Let us calculate the covariance function of the fO-U and describe the
properties of a stationary Gaussian process related to the model.
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Theorem 2.1

Let He (0,1), t > s > 0. Then the covariance function of the fO-U (5) is
given by

cov(Xt, Xs)
HO’2 t—s t
_ <_69t—95/ e—9222H—1dz+e—9t+95/ e@zZ2H—1dz
2 0 t—s
0t+6 g —0z _2H-1 0t—0 g 0z _2H—-1 (6)
— @ e "z dz 4+ e’ " e’z dz
s 0
t
i 2e9t+9s/ e‘9222H_1dz>.
0
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Proof. Using (5) and the formula for covariance of an fBm, we can write

COV(Xt, Xs) =E [(Xt — Xoeet) (Xs — Xoeés)}

t s
-E [(anet/ e B du + aBtH> <90e95/ e BHdv +055”)]
0 0

00.2 t
-2 eet/ e—0u (U2H+S2H _ ’u_s|2H) du
0

9 S
+ iee / e v <V2H +t2H v — t\2H> dv
0

2
2
+o ( +s2H ¢t S\ZH)
9 o? 6t+0$/ / —Ou—fv 2H_|_ V2H ’ o V|2H> du dv
2 10

- ZZ/m
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where
t t
L = 0e% / e sy, I = e / e Pt du,
0 0
t S
= —Heet/ e %y —s|Hdu, Iy = Gees/ e "ty
0 0
S S
Is = Hees/ e vHdy, I = —9e95/ e % (t—v)Hdv,
0 0
t s
/7 — t2H + S2H _ (t _ 5)2H’ I8 — 92e9f+95/ e—@vdv/ e_qu2HdU,

0 0

2 gtr0s [ -0 Y ov oH

t — —
lg:9e+5/e ”du/e Yveldv,
0 0
t ps
ho = —9269t+95// e—@u—@v‘u _ V|2H du dv.
0.0
The first two integrals are equal to
L = st (eet — 1) and
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t t
h = —egt/ P de=0v = —¢2H 4 2He6t/ e OuyPH=1qdy.
0 0

By changes of variables and integration by parts, we obtain

s t
= —Geet/ e (s — u)?Hdu — Geet/ e %(u—s)Hdu
0 s

s s
_ _9691‘—95/ e@ZZZHdZ _ 0691‘—05/ e—GZZZHdZ
0 0
s
— _thfes <60552H - 2H/ e@zz2H71dZ - efe(tfs)(t - S)2H
0

t—s
+ 2H / e—9zz2H—1dz>
0

S
— _eft?H oy (p_ gH +2He€t€s/ f2,2H-1 4,
0

t—s
_ 2He€t—9$/ e_GZZ2H_1dZ.
0
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Similarly to h, h, I5, we transform Iy, I5, /s:

S
Iy = 21 <e95 — 1) ) ls = —s2H + 2He95/ e 214y,
0

t t
I = _eees—m/ esz2HdZ — _GGS—Qt/ ZZHdeez
t—s t—s
t
_ _e65t2H + (t _ S)2H + 2He05—0t/ eGZZZH—le‘
t—s

Further,
g = 0t+0s (e—et _ 1) /s u2H de—0u
0
S
— (1 _ th)S2H _ 2He05(1 _ e@t)/ e79uu2Hfldu7
0
and similarly

t
/g — (1 _ eOS)t2H - 2He€t(1 o 695)/ efHVVZHfldV
0
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Finally, we consider the term /. It can be represented as the sum of the
following integrals:

s pv
o = _0266t+95 // e—6u—GV(V _ u)2H du dv
0J0
s s
. 9269t+95 // e—eu—HV(u _ V)2H du dv
0Jv
t s
_ 0266t+65 // e—9u—GV(V _ u)2H du dv
s JO
s pv
_ —292e9”95// e=0u-0v(y _ y)2H gy dy
0J0

t prs
— 92t t0s // e (v — ) dudv = Iy + Ij.
s J0O
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Using the change of variables v — u = z, the change of order of
integration, and integration by parts, we get

S v
I{O — _202e9t+95/ e29v/ eeZZ2HdZdV
0 0

S S

— —29269t+95/ e@zz2H/ e—20vdvdz
0 z

20s 67292

— —292€9t+65 /S eHZZZH e dz
; 26

S S
— eth—QS (/ eGZZ2HdZ . / e—@uu2Hdu>
0 0

S
— e9t52H o 2Hel9t—l9$/ e@ZZ2H—1dz+ e9t52H
0

S
_ 2He€t+95/ efeuu2Hfldu.
0
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In order to simplify /{j;, we need to consider two cases. If t > 2s, then

t rv
I{(’_) — _02e9t+95 // e92729v22Hdde
S vV—sS

s rz+s
— _02e9t+95 (/ / e92729V22Hdvdz
0Js
t—s pz+s t t
+/ / 692_20V22HdVdZ+/ / e92—29V22HdVdZ>
s z t—sJz

5 peio s 0 21 e—20(z+s) _ o—20s
= %Vt tls e’z dz
A ~29
t—s —20(z+s) —20z t —20t —20z
e — € e — €
+ eGZZ2H dz + eezzzH— dz
. Y, . 20

0 t—s 0 t
_ 7 ft—0s e 02 ,2H 4, _ 7 Ot+bs e 02 ,2H 4,
2 0 2 s

0 s 6 t
. 7601'—05 erZ2HdZ + 7695—€t eezz2Hdz.
2 0 2 t—s
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Integrating by parts in each integral, we arrive at the following equality

t
I{/O — e@stZH . e€t52H o He@s—@t/ e@zZ2H—1dZ
t—s

s t
+ He@t—@s / e@ZZZH—].dZ . He@t-‘res / e—GZZZH—le
0 s

t—s
+ He@t—@s/ e—GZZ2H—1dz _ (t o S)2H.
0

Similarly one can verify the last formula for the case s < t < 2s.
Thus, summing up all the terms, we get (6).
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Corollary 2.2

The r.v. X; has Gaussian distribution N (xpe’%, v(0, t)), with variance

t
v(0,t) = Var X; = H02/ Z2H-1 (eaz + ea(zt_z)> dz. (7)
0
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Corollary 2.2

The r.v. X; has Gaussian distribution N (xpe’%, v(0, t)), with variance

t
v(0,t) = Var X; = H02/0 z2H=1 (eaz + eg(zt*z)> dz. (7)

Let us investigate the asymptotic behavior of the variance v(6, t) as
t — oo.

Lemma 2.3

(i) If6 >0, then v(0,t) ~ LQH) e?%t ast — oo.

(ii) IFG <0, then v(0,t) — %ﬁ,’j’) as t — oo.

(iii) v(0,t) = o?t?H, t > 0.
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Proof. (/) If # > 0, then by formula (7),

g,t t t 2HT(2H
Vizét) _ngezet/O Z2Hleezdz+HU2/o S2H-1,-0z 4, 7 62’('/ )7

as t — oo.

(ii) Note that v(6,t) = e*tv(—0,t), by (7). Then the convergence
follows from (7).

(iif) The statement follows directly from (7).

OJ
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Stationary fractional Ornstein—Uhlenbeck process

Let # < 0. Consider an fBm defined on R. In this case the process

t t
Y=o / e¥(t=9) 4BH — go et / e *BMds+oBI, t>0. (8)
—oo

—00

is well-defined.
Then the fO-U (5) can be expressed as

X = x0e’t + Yy — €'Yy, t>0. (9)

In view of the next result, the process Y is called a stationary fractional
Ornstein—Uhlenbeck process.

Theorem 2.4

Let ® <0, H € (0,1). Then the centered Gaussian process
Y = {Y: t > 0} defined by (8) is stationary and ergodic.
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The stationarity of Y follows immediately from the stationarity of the
increments of an fBm. However, we can compute the covariance function
explicitly.

Lemma 2.5
Let <0, He€ (0,1). Fort > s >0, the covariance function of Y is given
by

Ho? ( T(2H t—s
cov(Ys, Ys) = TO ((_(,9)22/69“5) _ ee(ts)/o o0z ,2H-1 4,

+oo
+ e_e(t_s)/ eezzzH_ldz> = r(t—s).
t—s
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Proof. By (9),

cov(Ys, Ys) = cov(Xe, Xs) + e cov(Xy, Yo) + €% cov(Xs, Yo)+ et EYZ.
(10)
The first term was calculated in Theorem 2.1. Similarly one can compute

Ho? ( T(2H t
cov(Xt, Yo) = 20 (_( (9)22/ et e9t/ 007 ,2H-1 4,
- 0

R /OO eezZ2H—1dZ)
t
Ho? IN2H S s oH—
cov(Xs, Yo) = 5 <_(_(9)2/)4€6$_ees/0 e 02,2H-1 4,
+ e—@s /oo e@zZ2H—1dZ>
S
2
2 0°HI(2H)
The proof can be concluded now by inserting these expressions together
with (6) into (10) and using [~ e?2z2H~1dz = (2(37;"22,. O
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Remark 2.6 |

The second moment of Y; can be also calculated by applying Corollary 2.2
and Lemma 2.3. Indeed,

0 2
EYZ =02 lim E (—e—“Bﬁ - 9/ e %*BH ds>
t——0o0 t

t 2
=o° lim E <—e9tB’_"t+9/ e’ BH, ds)

t—o0 0

2 t
— 02 |im & (E (Bt’t> —zee—ef/ e"EBM,BH, ds
0

t—00
t t
+ §2e= 20t / / e9(5+“>EB’st’judsdu>
0 JO

2
o 2 _ 0°HI(2H)
=0 tllm e’tv(—0,t) = En
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In order to prove the ergodicity of the Gaussian stationary process Y it
suffices to show that its autocovariance function r(t) = cov( Y%, Yo)
vanishes at infinity.

Lemma 2.7
Let® <0, He (0,1). Then r(t) — 0, as t — oc. (

Proof. By the change of variables, we get

Ho? oe o [0 v 2H-1
r(t) = m r(2H)e — € ) ey dy

2

If H=1/2, then r(t) = —%5e
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If H# 1/2, then using integration by parts, we obtain

(1) = Ho? _eet/et e 2H-1g, o o0t /+oo e vy2H-1q,
2(—0)H 1

—0t
+0 (egt)
H(2H — 1 2 —0t +o0
_ (2( 9)230 (eot/ e¥y2H-2¢y | e—@t/g e—yy2H—2dy>
- 1 —ot
+0 <e9t> , (13)

as t — 0o. We have

+00 +o0
e—0t/ e—yy2H—2 dy < e—@t/ e—y(_et)ZH—2 dy = (—9t)2H_2,
—0t
(14)
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(15)

Thus, both terms in (13) converge to zero as t — oco. This concludes the
proof. O
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Remark 2.8 |
The stationary fO-U was introduced and investigated in

[Cheridito et al. (2003)]. Moreover, the following asymptotic relation for
the autocovariance function r(t) was established for H # % and
N=1,2...:

N 2n—1
r(t) = "222(—9)2" ( I] (2H - k)) 2H20 4 0 (2H2N2) | (16)
n=1 k=0

as t — oo. This implies that for H € (%, 1], the process Y exhibits
long-range dependence, that is, Y~ r(n) = co. The expansion (16) can
be deduced from (13). In order to obtain this result, one should use
integration by parts N times, and then bound the remaining terms
similarly to (14)—(15).

@ Patrick Cheridito, Hideyuki Kawaguchi, and Makoto Maejima.
Fractional Ornstein-Uhlenbeck processes.
Electron. J. Probab., 8:1-14, 2003.
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A similar relation holds for the fO-U X, namely for H # % N=12...,
and s >0

cov(Xs, Xstt)

5 N 2n—1
_ % (_0)72n (H (2H — k)> (tszzn - e95(5+ t)szzn)

=1 k=0
+ O (t2H*2N*2> , ast — oo.
It follows immediately from (16) if we note that, by (9),

cov(Xs, Xstt) = cov(Ys, Yeie) — el cov( Yo, Ystt)
. 69(S+t) COV( YS7 YO) + 69(2S+t)EY02
=r(t)—e*r(s+t)+ 0 (egt) , t— o0.
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Basic reference Lecture 1

¥ Kestutis Kubilius, Yuliya Mishura, and Kostiantyn Ralchenko.
Parameter estimation in fractional diffusion models,
volume 8 of Bocconi & Springer Series.
Springer, 2017.
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