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Introduction

We deal with the fractional Vasicek model of the form

dXt = (α− βXt) dt + γdBH
t , X0 = x0 ∈ R, (1)

where BH is a fractional Brownian motion with Hurst index H ∈ (0, 1).
It is a generalization to the fractional case of the classical interest rate
model proposed by O. Vasicek in 1977. This generalization enables to
study processes with long-range dependence, which arise in financial
mathematics and several other areas such as telecommunication networks,
investigation of turbulence and image processing. In recent years, many
articles on various financial applications of the fractional Vasicek model
(1) have appeared.
In order to use this model in practice, a theory of parameter estimation is
necessary.
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Relation to fractional Ornstein–Uhlenbeck process

Fractional Ornstein–Uhlenbeck process:
▶ Equation:

dXt = x0 + θXt dt + σdBH
t , t ≥ 0,

▶ Solution:

Xt = x0e
θt + σ

∫ t

0

eθ(t−s)dBH
s .

Fractional Vasicek model:
▶ Equation:

dXt = (α− βXt) dt + γdBH
t , t ≥ 0,

▶ Solution:

Xt = x0e
−βt +

α

β

(
1− e−βt

)
︸ ︷︷ ︸

deterministic function

+ γ

∫ t

0

e−β(t−s)dBH
s︸ ︷︷ ︸

fO-U process

.
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Fractional Brownian motion

Let (Ω,F,P) be a complete probability space.

Definition 1.1

Fractional Brownian motion (fBm) with Hurst index H ∈ (0, 1) is a
Gaussian process BH =

{
BH
t , t ∈ R+

}
on (Ω,F,P) featuring the

properties

(i) BH
0 = 0;

(ii) EBH
t = 0, t ∈ R+;

(iii) EBH
t BH

s = 1
2

(
t2H + s2H − |t − s|2H

)
, s, t ∈ R+.

Remark 1.2

From time to time, especially for introducing a stationary fractional
Ornstein–Uhlenbeck process, we will need also the fBm defined on the
whole R. The difference is that in this case
EBH

t BH
s = 1

2

(
|t|2H + |s|2H − |t − s|2H

)
, s, t ∈ R.
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Basic properties of fBm

The following statements can be derived directly from the above
definition.

1 If H = 1
2 , then a fractional Brownian motion is a standard Wiener

process.

2 A fractional Brownian motion is self-similar with the self-similarity

parameter H, that is,
{
BH
ct

} d
=
{
cHBH

t

}
for any c > 0. Here

d
= means

that all finite-dimensional distributions of both processes coincide.

3 A fractional Brownian motion has stationary increments that is
implied by the form of its incremental covariance:

E
(
BH
t − BH

s

)2
= (t − s)2H . (2)

4 The increments of a fractional Brownian motion are independent only
in the case H = 1/2. They are negatively correlated for H ∈ (0, 1/2)
and positively correlated for H ∈ (1/2, 1).
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Further properties:

5 For H ∈ (1/2, 1) an fBm has the property of long-range dependence.
The aforementioned means that

∑∞
n=1 r(n) = ∞, where

r(n) = EBH
1

(
BH
n+1 − BH

n

)
> 0 is the autocovariance function.

6 Due to the Kolmogorov continuity theorem, the property (2) implies
that a fractional Brownian motion has a continuous modification.
Moreover, this modification is γ-Hölder continuous on each finite
interval for any γ ∈ (0,H).

7 It is also well-known that a fractional Brownian motion is not a
process of bounded variation.

8 If H ̸= 1
2 , then it is neither a semimartingale nor a Markov process.

9 For any p > 1 and any H ∈ (0, 1) there exists a nonnegative random
variable ξ = ξ(p,H) such that for all t ≥ 0,

sup
0≤s≤t

∣∣∣BH
s

∣∣∣ ≤ ((tH(log+ t)p
)
∨ 1
)
ξ, (3)

and there exists cξ(p,H) > 0 such that for any 0 < y < cξ(p,H),
E exp{yξ2} < ∞.
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The present subsection deals with the Langevin equation that will be
written as

Xt = x0 + θ

∫ t

0
Xs ds + σBH

t , t ≥ 0, (4)

where x0 ∈ R, θ ∈ R, σ > 0 are real parameters, and BH is an fBm with
the Hurst index H. Since the model does not contain stochastic integrals
with respect to fBm, it is possible to consider an fBm with arbitrary
H ∈ (0, 1). For all H ∈ (0, 1) the equation (4) has a unique solution

Xt = x0e
θt + θσeθt

∫ t

0
e−θsBH

s ds + σBH
t , t ≥ 0, (5)

which is called a fractional Ornstein–Uhlenbeck process (fO-U).
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Note that for H ∈ (1/2, 1) the process (5) can be written in the following
form

Xt = x0e
θt + σ

∫ t

0
eθ(t−s)dBH

s ,

where
∫ t
0 eθ(t−s)dBH

s is a Wiener integral w.r.t. the fBm. Evidently, the

integral
∫ t
0 eθ(t−s)dBH

s exists for all H ∈ (0, 1), if we understand it via
integration by parts:∫ t

0
e−θsdBH

s = θ

∫ t

0
e−θsBH

s ds + e−θtBH
t .

Let us calculate the covariance function of the fO-U and describe the
properties of a stationary Gaussian process related to the model.
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Theorem 2.1

Let H ∈ (0, 1), t ≥ s ≥ 0. Then the covariance function of the fO-U (5) is
given by

cov(Xt ,Xs)

=
Hσ2

2

(
−eθt−θs

∫ t−s

0
e−θzz2H−1dz + e−θt+θs

∫ t

t−s
eθzz2H−1dz

− eθt+θs

∫ t

s
e−θzz2H−1dz + eθt−θs

∫ s

0
eθzz2H−1dz

+ 2eθt+θs

∫ t

0
e−θzz2H−1dz

)
.

(6)
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Proof. Using (5) and the formula for covariance of an fBm, we can write

cov(Xt ,Xs) = E
[(

Xt − x0e
θt
)(

Xs − x0e
θs
)]

= E

[(
θσeθt

∫ t

0
e−θuBH

u du + σBH
t

)(
θσeθs

∫ s

0
e−θvBH

v dv + σBH
s

)]
=

θσ2

2
eθt
∫ t

0
e−θu

(
u2H + s2H − |u − s|2H

)
du

+
θσ2

2
eθs
∫ s

0
e−θv

(
v2H + t2H − |v − t|2H

)
dv

+
σ2

2

(
t2H + s2H − |t − s|2H

)
+

θ2σ2

2
eθt+θs

∫ t

0

∫ s

0
e−θu−θv

(
u2H + v2H − |u − v |2H

)
du dv

=
σ2

2

10∑
n=1

In,
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where

I1 = θeθt
∫ t

0
e−θus2Hdu, I2 = θeθt

∫ t

0
e−θuu2Hdu,

I3 = −θeθt
∫ t

0
e−θu|u − s|2Hdu, I4 = θeθs

∫ s

0
e−θv t2Hdv ,

I5 = θeθs
∫ s

0
e−θvv2Hdv , I6 = −θeθs

∫ s

0
e−θv (t − v)2Hdv ,

I7 = t2H + s2H − (t − s)2H , I8 = θ2eθt+θs

∫ t

0
e−θvdv

∫ s

0
e−θuu2Hdu,

I9 = θ2eθt+θs

∫ s

0
e−θudu

∫ t

0
e−θvv2Hdv ,

I10 = −θ2eθt+θs

∫ t

0

∫ s

0
e−θu−θv |u − v |2H du dv .

The first two integrals are equal to

I1 = s2H
(
eθt − 1

)
and
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I2 = −eθt
∫ t

0
u2Hde−θu = −t2H + 2Heθt

∫ t

0
e−θuu2H−1du.

By changes of variables and integration by parts, we obtain

I3 = −θeθt
∫ s

0
e−θu(s − u)2Hdu − θeθt

∫ t

s
e−θu(u − s)2Hdu

= −θeθt−θs

∫ s

0
eθzz2Hdz − θeθt−θs

∫ t−s

0
e−θzz2Hdz

= −eθt−θs

(
eθss2H − 2H

∫ s

0
eθzz2H−1dz − e−θ(t−s)(t − s)2H

+ 2H

∫ t−s

0
e−θzz2H−1dz

)
= −eθts2H + (t − s)2H + 2Heθt−θs

∫ s

0
eθzz2H−1dz

− 2Heθt−θs

∫ t−s

0
e−θzz2H−1dz .
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Similarly to I1, I2, I3, we transform I4, I5, I6:

I4 = t2H
(
eθs − 1

)
, I5 = −s2H + 2Heθs

∫ s

0
e−θvv2H−1dv ,

I6 = −θeθs−θt

∫ t

t−s
eθzz2Hdz = −eθs−θt

∫ t

t−s
z2Hdeθz

= −eθst2H + (t − s)2H + 2Heθs−θt

∫ t

t−s
eθzz2H−1dz .

Further,

I8 = eθt+θs
(
e−θt − 1

)∫ s

0
u2Hde−θu

= (1− eθt)s2H − 2Heθs(1− eθt)

∫ s

0
e−θuu2H−1du,

and similarly

I9 = (1− eθs)t2H − 2Heθt(1− eθs)

∫ t

0
e−θvv2H−1dv
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Finally, we consider the term I10. It can be represented as the sum of the
following integrals:

I10 = −θ2eθt+θs

∫ s

0

∫ v

0
e−θu−θv (v − u)2H du dv

− θ2eθt+θs

∫ s

0

∫ s

v
e−θu−θv (u − v)2H du dv

− θ2eθt+θs

∫ t

s

∫ s

0
e−θu−θv (v − u)2H du dv

= −2θ2eθt+θs

∫ s

0

∫ v

0
e−θu−θv (v − u)2H du dv

− θ2eθt+θs

∫ t

s

∫ s

0
e−θu−θv (v − u)2H du dv =: I ′10 + I ′′10.
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Using the change of variables v − u = z , the change of order of
integration, and integration by parts, we get

I ′10 = −2θ2eθt+θs

∫ s

0
e−2θv

∫ v

0
eθzz2Hdzdv

= −2θ2eθt+θs

∫ s

0
eθzz2H

∫ s

z
e−2θvdvdz

= −2θ2eθt+θs

∫ s

0
eθzz2H

e−2θs − e−2θz

−2θ
dz

= θeθt−θs

(∫ s

0
eθzz2Hdz −

∫ s

0
e−θuu2Hdu

)
= eθts2H − 2Heθt−θs

∫ s

0
eθzz2H−1dz + eθts2H

− 2Heθt+θs

∫ s

0
e−θuu2H−1du.
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In order to simplify I ′′10, we need to consider two cases. If t > 2s, then

I ′′10 = −θ2eθt+θs

∫ t

s

∫ v

v−s
eθz−2θvz2Hdzdv

= −θ2eθt+θs

(∫ s

0

∫ z+s

s
eθz−2θvz2Hdvdz

+

∫ t−s

s

∫ z+s

z
eθz−2θvz2Hdvdz +

∫ t

t−s

∫ t

z
eθz−2θvz2Hdvdz

)
= −θ2eθt+θs

(∫ s

0
eθzz2H

e−2θ(z+s) − e−2θs

−2θ
dz

+

∫ t−s

s
eθzz2H

e−2θ(z+s) − e−2θz

−2θ
dz +

∫ t

t−s
eθzz2H

e−2θt − e−2θz

−2θ
dz

)

=
θ

2
eθt−θs

∫ t−s

0
e−θzz2Hdz − θ

2
eθt+θs

∫ t

s
e−θzz2Hdz

− θ

2
eθt−θs

∫ s

0
eθzz2Hdz +

θ

2
eθs−θt

∫ t

t−s
eθzz2Hdz .
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Integrating by parts in each integral, we arrive at the following equality

I ′′10 = eθst2H − eθts2H − Heθs−θt

∫ t

t−s
eθzz2H−1dz

+ Heθt−θs

∫ s

0
eθzz2H−1dz − Heθt+θs

∫ t

s
e−θzz2H−1dz

+ Heθt−θs

∫ t−s

0
e−θzz2H−1dz − (t − s)2H .

Similarly one can verify the last formula for the case s < t < 2s.
Thus, summing up all the terms, we get (6).
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Corollary 2.2

The r. v. Xt has Gaussian distribution N
(
x0e

θt, v(θ, t)
)
, with variance

v(θ, t) := VarXt = Hσ2

∫ t

0
z2H−1

(
eθz + eθ(2t−z)

)
dz . (7)

Let us investigate the asymptotic behavior of the variance v(θ, t) as
t → ∞.

Lemma 2.3

(i) If θ > 0, then v(θ, t) ∼ σ2HΓ(2H)
θ2H

e2θt , as t → ∞.

(ii) If θ < 0, then v(θ, t) → σ2HΓ(2H)
(−θ)2H

, as t → ∞.

(iii) v(0, t) = σ2t2H , t ≥ 0.
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Corollary 2.2

The r. v. Xt has Gaussian distribution N
(
x0e

θt, v(θ, t)
)
, with variance

v(θ, t) := VarXt = Hσ2

∫ t

0
z2H−1

(
eθz + eθ(2t−z)

)
dz . (7)

Let us investigate the asymptotic behavior of the variance v(θ, t) as
t → ∞.

Lemma 2.3

(i) If θ > 0, then v(θ, t) ∼ σ2HΓ(2H)
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(−θ)2H
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Proof. (i) If θ > 0, then by formula (7),

v(θ, t)

e2θt
= Hσ2e−2θt

∫ t

0
z2H−1eθzdz+Hσ2

∫ t

0
z2H−1e−θzdz → σ2HΓ(2H)

θ2H
,

as t → ∞.
(ii) Note that v(θ, t) = e2θtv(−θ, t), by (7). Then the convergence
follows from (i).
(iii) The statement follows directly from (7).
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Stationary fractional Ornstein–Uhlenbeck process

Let θ < 0. Consider an fBm defined on R. In this case the process

Yt = σ

∫ t

−∞
eθ(t−s) dBH

s := θσeθt
∫ t

−∞
e−θsBH

s ds + σBH
t , t ≥ 0. (8)

is well-defined.
Then the fO-U (5) can be expressed as

Xt = x0e
θt + Yt − eθtY0, t ≥ 0. (9)

In view of the next result, the process Y is called a stationary fractional
Ornstein–Uhlenbeck process.

Theorem 2.4

Let θ < 0, H ∈ (0, 1). Then the centered Gaussian process
Y = {Yt , t ≥ 0} defined by (8) is stationary and ergodic.
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The stationarity of Y follows immediately from the stationarity of the
increments of an fBm. However, we can compute the covariance function
explicitly.

Lemma 2.5

Let θ < 0, H ∈ (0, 1). For t ≥ s ≥ 0, the covariance function of Y is given
by

cov(Yt ,Ys) =
Hσ2

2

(
Γ(2H)

(−θ)2H
eθ(t−s) − eθ(t−s)

∫ t−s

0
e−θzz2H−1dz

+ e−θ(t−s)

∫ +∞

t−s
eθzz2H−1dz

)
=: r(t − s).
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Proof. By (9),

cov(Yt ,Ys) = cov(Xt ,Xs)+eθs cov(Xt ,Y0)+eθt cov(Xs ,Y0)+eθt+θsEY 2
0 .

(10)
The first term was calculated in Theorem 2.1. Similarly one can compute

cov(Xt ,Y0) =
Hσ2

2

(
− Γ(2H)

(−θ)2H
eθt − eθt

∫ t

0
e−θzz2H−1dz

+ e−θt

∫ ∞

t
eθzz2H−1dz

)
,

cov(Xs ,Y0) =
Hσ2

2

(
− Γ(2H)

(−θ)2H
eθs − eθs

∫ s

0
e−θzz2H−1dz

+ e−θs

∫ ∞

s
eθzz2H−1dz

)
,

EY 2
0 =

σ2HΓ(2H)

(−θ)2H
. (11)

The proof can be concluded now by inserting these expressions together
with (6) into (10) and using

∫∞
0 eθzz2H−1dz = Γ(2H)

(−θ)2H
.
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Remark 2.6

The second moment of Y0 can be also calculated by applying Corollary 2.2
and Lemma 2.3. Indeed,

EY 2
0 = σ2 lim

t→−∞
E

(
−e−θtBH

t + θ

∫ 0

t
e−θsBH

s ds

)2

= σ2 lim
t→∞

E

(
−eθtBH

−t + θ

∫ t

0
eθsBH

−s ds

)2

= σ2 lim
t→∞

e2θt
(
E
(
BH
−t

)2
− 2θe−θt

∫ t

0
eθsEBH

−tB
H
−s ds

+ θ2e−2θt

∫ t

0

∫ t

0
eθ(s+u)EBH

−sB
H
−u ds du

)
= σ2 lim

t→∞
e2θtv(−θ, t) =

σ2HΓ(2H)

(−θ)2H
.
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In order to prove the ergodicity of the Gaussian stationary process Y it
suffices to show that its autocovariance function r(t) = cov(Yt ,Y0)
vanishes at infinity.

Lemma 2.7

Let θ < 0, H ∈ (0, 1). Then r(t) → 0, as t → ∞.

Proof. By the change of variables, we get

r(t) =
Hσ2

2(−θ)2H

(
Γ(2H)eθt − eθt

∫ −θt

0
eyy2H−1dy

+ e−θt

∫ +∞

−θt
e−yy2H−1dy

)
(12)

If H = 1/2, then r(t) = −σ2

2θ e
θt → 0, as t → ∞.
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If H ̸= 1/2, then using integration by parts, we obtain

r(t) =
Hσ2

2(−θ)2H

(
−eθt

∫ −θt

1
eyy2H−1dy + e−θt

∫ +∞

−θt
e−yy2H−1dy

)
+ O

(
eθt
)

=
H(2H − 1)σ2

2(−θ)2H

(
eθt
∫ −θt

1
eyy2H−2dy + e−θt

∫ +∞

−θt
e−yy2H−2dy

)
+ O

(
eθt
)
, (13)

as t → ∞. We have

e−θt

∫ +∞

−θt
e−yy2H−2 dy ≤ e−θt

∫ +∞

−θt
e−y (−θt)2H−2 dy = (−θt)2H−2,

(14)
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and

eθt
∫ −θt

1
eyy2H−2 dy ≤ eθt

(∫ − θt
2

1
ey dy +

∫ −θt

− θt
2

ey
(
−θt

2

)2H−2

dy

)

≤ e
θt
2 +

(
−θt

2

)2H−2

.

(15)

Thus, both terms in (13) converge to zero as t → ∞. This concludes the
proof.
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Remark 2.8

The stationary fO-U was introduced and investigated in
[Cheridito et al. (2003)]. Moreover, the following asymptotic relation for
the autocovariance function r(t) was established for H ̸= 1

2 and
N = 1, 2 . . . :

r(t) =
σ2

2

N∑
n=1

(−θ)−2n

(
2n−1∏
k=0

(2H − k)

)
t2H−2n + O

(
t2H−2N−2

)
, (16)

as t → ∞. This implies that for H ∈ (12 , 1], the process Y exhibits
long-range dependence, that is,

∑∞
n=0 r(n) = ∞. The expansion (16) can

be deduced from (13). In order to obtain this result, one should use
integration by parts N times, and then bound the remaining terms
similarly to (14)–(15).

Patrick Cheridito, Hideyuki Kawaguchi, and Makoto Maejima.
Fractional Ornstein-Uhlenbeck processes.
Electron. J. Probab., 8:1–14, 2003.
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A similar relation holds for the fO-U X , namely for H ̸= 1
2 , N = 1, 2 . . . ,

and s ≥ 0

cov(Xs ,Xs+t)

=
σ2

2

N∑
n=1

(−θ)−2n

(
2n−1∏
k=0

(2H − k)

)(
t2H−2n − eθs(s + t)2H−2n

)
+ O

(
t2H−2N−2

)
, as t → ∞.

It follows immediately from (16) if we note that, by (9),

cov(Xs ,Xs+t) = cov(Ys ,Ys+t)− eθs cov(Y0,Ys+t)

− eθ(s+t) cov(Ys ,Y0) + eθ(2s+t)EY 2
0

= r(t)− eθsr(s + t) + O
(
eθt
)
, t → ∞.
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Kȩstutis Kubilius, Yuliya Mishura, and Kostiantyn Ralchenko.
Parameter estimation in fractional diffusion models,
volume 8 of Bocconi & Springer Series.
Springer, 2017.

Kostiantyn Ralchenko Fractional Vasicek model Lecture 1 33 / 33


	Introduction
	Motivation and outline
	Fractional Brownian motion: Definition and basic properties

	Fractional Ornstein–Uhlenbeck process
	Covariance structure of the fractional Ornstein–Uhlenbeck process
	Stationary fractional Ornstein–Uhlenbeck process


