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Lecture 3

© Estimation in the ergodic case (ergodic-type estimator)
@ Continuous observations
@ Discrete observations
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Model

In this section we study the fractional Vasicek model, described by the
stochastic differential equation

t
Xt:X0+/ (o — BXs)ds+ B, t>o. (1)
0

We assume that the parameters xp € R, v > 0 and H € (0, 1) are known.
The parameters € R and 3 > 0 are fixed but unknown. The main goal is
to estimate parameters o and 5.

The equation (1) has a unique solution, which is given by

t
X, = xpe Pt + % (1 - e—ﬁt) + 7/ e B9t t>0. (2)
0

where fot efﬁ(tfs)stH is a path-wise Riemann—Stieltjes integral.
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We have already proved in Section 2 that the Gaussian process
t
Yy =7 / e Alt=s)4BH
— 00
is stationary and ergodic. Moreover,

E[Yo] =0,

V2 HT (2H)

E[Yg] = A
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Continuous observations

Assume that we observe a trajectory of X continuously on the interval
[0, T].
First, we study the asymptotic behavior of the integrals fOT Xe dt and

fOT X2 dt as T — oo. The next result gives us an idea for the construction
of estimators.

Lemma 5.1

Let H € (0,1). Then

1 T
(/mm%a, (3)

2 A2HI(2H
/ Xt 5+ DA, (4)

a.s.,as T — oo.
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Proof. Let us introduce the following notation:

t
R(t) = xoe 7t + & (1 — efﬁf) . Z= 7/ e At=s)g4BH.
B 0

Then Z; is a fractional Ornstein—Uhlenbeck process, and X; = R(t) + Z:.
Let us first prove the convergence (3). We have

1/Tth—1 —O‘/ e Pt + = /dt+/TZdt
T) T\ 8) ) o '

l—e_ﬁT( a) « 1
== —  (x-=)+-+= / Z; dt.
8T 8) B8 T )

It is evident that first term converges to zero as T — oo. Forall t >0

t

Y, =~ / e Pt=9dBH = 7, + e~ P, (5)
—0o0

where £ = yfi) e%s dB! = Yy, and (Y;,t > 0) is a stationary fractional

Ornstein—Uhlenbeck process, see Section 2.
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Then the ergodic theorem implies that

1 T
/ Y: dt — E[Yo],
T Jo

a.s., as T — oo. Using the fact that E[Yy] = 0, we deduce

1 T
T/O Z,dt — 0, (6)

a.s., as T — oo, which directly implies the convergence (3).
Now let us look at

1/TX2dt—1/T(R(t)+Z)2dt
T "t T/ f

1 T2 1 T2 2 T
= — R<(t) dt + — Z5dt + — R(t)Z; dt.
TA () +TA : +TA (t)Z:

Take each term separately.
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2 T
_ X —2,8tdt 2X00‘/ Bt 2X00‘/ —20t
== + dt — —— e dt
T Jo BT Jo BT Jo
Oé2 T 2
e 1- *m) dt
+ 52_’_/0 ( e
_ Xg (1 — _2BT) n 2xp0x (1 — e_ﬁT) _ Xow (1 — e_2f3T)
28T 32T 32T

o? (1_ 2(1—ePT) 1—e‘25T> o?

7 BT 25T | @

+

as T — oo.
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Applying again the ergodic theorem, we get

+2HT (2H)

1 T

whence

1 [T 1 (7 2
T/ zfdt:/ Yt—e’ﬂtg) dt
0
5 T 52 T
/ Y2dt— = / Yte‘ﬁtdt+/ e 2Ptdr (7)
0 T 0

Y2 HI (2H)
-opH

a.s.,as T — oo.

Kostiantyn Ralchenko Fractional Vasicek model Lecture 3 9/62



And finally, using (6), (7), and the Cauchy-Schwarz inequality, we get

)
[ ((o-2)e-5)2e
2

ﬂTA Zedt

.
[ le
T T % 2a T
(/ -Zﬁfdt/ Z2dt> +' tht‘
0

BT Jo
«

—2,3T 20[ T
—| | —— = 22 dt — Z: dt
5 < 28T /‘ ) +’BT , °

a.s., as T — oco. Thus, we obtain (4). O

2 ;d4

Btz | dt +

IN

X0 — >

o
B
o
B

2
T
2

IN

T

X0 — —=

=2 X0 —
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We introduce the following estimators:

32 1 " T AN
7= (e (7 o= ([ %) )

202 T
(2 B
afp) =T Xt
Theorem 5.2

Let H € (0,1). Then the estimators &(T2) and B?) are strongly consistent.

Proof of Theorem 5.2 follows from Lemma 5.1. O
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Discrete observations

In applications usually the observations cannot be continuous. The

estimators a( ) and 3(7?) can be discretized as follows. Let h > 0. Assume
that a trajectory of X is observed at times ty = kh, k =0,1,...,n. Define

n—1 2
203) _
P =\ e ”Zxkh (;ﬁ@ ,
~(3) n—1

a3 = T 3™ X
k=0

N
:c‘“

Theorem 5.3

Let H € (0,1). Then the estimators a( ) and @,3) are strongly consistent.
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Proof. It suffices to show that

a.s., as n — 0.

Let us prove the convergence (8).

1 n—1
=D Xy
k=0

1S «
=" Xiw — 3
k=0
1 §X2 o®  ~A2HI(2H)
‘n kh 32 2H
n— g g
1 n—1 1 n—1
— R(kh) + —
- (kh) + — > Zun
k=0 k=0
1 n—1 a a n—1
I O s A >
e X0 +— + Zkh
=0 By B k=0
1— e Ak < a) a 1852
- | +t7+=D Zun
- (07 5) 5tk

The first term converges to zero as n — 0.
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Similarly to the proof of Lemma 5.1, the ergodic theorem implies that

n—1

1
Ezykh%E[Yo] =0,
k=0

(10)

a.s., as n — 0o, where (Y, t > 0) is the ergodic process defined by (5).

Then

a.s., as n — oo. This implies the convergence (8).
Now consider the convergence (9). We have

1 n—1 1 n—1
2
- > X = . Z (R(kh) + Zkn)
k=0

—ZR2 (kh) + sz,,+ ZR (kh)Zyh.

Take each term separately.
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1 n—1 1 n o 2
1 2 _1 —Bkh | X (1 __Bkh
=3 R (kh) nZ(xoe +6(1 e ))
k=0 k=0
Xg nt —Zﬂkh 2XOOé _Bkh 2XOOC n-! _2ﬂkh
Z s Z e M- e
k=0 k=0
o2 1t 2
—Bkh 13
+ g (1) )
B | dal1-e ) 2a1- e
n(l — e=28h) Bn(1 — e=Bh) Bn(1 — e—26h)
a? 2 (1 — e‘ﬁ”h) 1 — e 26nh a?
_ 1 _ - —
+ 2 n(l — e=6h) + n(1l — e—25h) B2’
as n — oo.
Lecture 3 15 /62

Kostiantyn Ralchenko Fractional Vasicek model



Applying again the ergodic theorem, we get

1 — 2HI(2H
;ZYE,,%E[Y@] =1 5254 )

Using the representation (5) and the convergence (10), we obtain

n—1
,172 Z y2 _ 2 Z e Py, 4 & ¢ Z ~2pkh _, "Q;EEH)’
k=0
(14)
a.s., as n — o0.
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Finally, we consider the third term in (12). By the Cauchy-Schwarz

inequality, (11), and (14),
2= 2 |2 « «
‘n > R(kh)Zis| = - 3 <<XO _ 5) o Okh ) Zih
k=0 k=0
2 o n—1 -1
< —lx— 7 ‘ e Pkhz ‘ —
Bl kZ
2 @ —28kh 2 20 |
<—|x-3 g Zi — Zkh
hosl(EEs) 5
1
a 1— e 2Bnh = 2 20«
—2xp— 2| [ —— 72 i
X0 3 (n(l ~23h) Z kh | T BkZ
a.s., as n — oo. Combining this with (12), (13), and (14), we get (9). [
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Lecture 3

@ Estimation in the non-ergodic case (LSE)
@ Strong consistency
@ Asymptotic distribution
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Model

Our focus in this section is on the estimation of unknown drift parameter
0 = (a, ) € R x (0,00) in the fractional Vasicek model, which is
described by the following stochastic differential equation:

t
Xt:xo—k/(oz+3Xs)ds+vB,f"7 t>0, Xo=x €R, (15)
0

where a € R, 5 > 0, v > 0. Equivalently, X = {X;,t > 0} is the process
given explicitly by

t
Xi = xpe’t — % (1 - e5t> + 7/0 ePt=s)gBH. (16)
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We define the estimator 61 = (arT, BT) as follows

. (Xr—x) ( ST X2dt = L(X7 + x0) [} Xtdt> -
aT = 2 )
T Jy Xzdt— (J;| Xeat)

(X7 = %0) (3T(X7 +%0) = i Xeal)
= —. (18)
T Jy Xzdt— (J; Xeat)

=

It is worth noting that both &7 and BT do not depend on the diffusion
parameters H > 0 and v > 0, which may be unknown.
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Remark 6.1 |

The estimator # given by (17)—(18) can be thought of as the least squares
estimator (LSE). Let us present its (formal) derivation. If we assume that
the derivative X and the integral fOT X:dX; exist in some sense, then we
can define LSE as the value of («, 3), which minimizes the following
functional

T, . 2
F(a,ﬁ):/ (Xt—a—ﬁXt> dt
0
T_ T T
:/ x,_?dt+a2T+52/ x,_?dt—za/ dX;
0 0 0

T T
0 0
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It is not hard to see that the minimum is achieved at the following point:

A

f S aXe ] x2dt — [T Xedt [}] XedX
;=

2

T Jy Xzde— (J5 Xedt)
T Jo XedXe — Jy" dX, Jy" Xedt

T Jy Xzdt— (fy Xtdt)

: (19)

(20)

@

T —

Note that these expressions do not contain the derivative X, which may
not exist. Moreover, if the process X is y-Hdlder continuous on [0, T] with

any vy > % then the integral fOT X:dX; can be defined in Young's sense. In
this case, it admits the representation

/ XedX; = XT XZ).

Substitution of these representations into the formulas (19)—(20) leads to
the estimators (17)—(18).
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Strong consistency

The following theorem is the first main result of this section.

Theorem 6.2
The estimator (&1, A7) is strongly consistent, i.e.,

ar — a, BT—>ﬁ a.s. when T — oo.

In order to prove the strong consistency of the estimator (&7, BT) we
need to study the asymptotic behavior of all processes and integrals
involved into the right-hand sides of (17)—(18).
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Our reasoning will be based substantially on the almost sure upper bound:

sup BSH

0<s<t

< ((t”oog+t)P)\/1)5; as.,

for all t > 0.
Therefore,

Bf|ds < 00 as.,

00
fe
0

and the following random variables are well-defined:

(07

Zoo.
B+7ﬁ

oo
Zso ::/ e_BSBSH ds, (:=xp+
0
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Lemma 6.3

The following convergences hold a.s. when T — oo:

e PTXr = ¢, (23)

T 1
eBT/ Xedt — =, (24)

0 B

T 1
T [ x> 51l (25)

0 B

1
e 28T / X2dt — 742 (26)
T—le—ﬁT/ Xit dt — {_ (27)

0 B
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Proof. Recall that according to (16), the process X can be represented as

follows: N
X = xoe®t — 5 (1= e) +re’us, (28)

where .
Uy = / e PsdBH.
0

Using the integration-by-parts formula, we can write
T
Ur=ePTBH + 5/ e P*BHds = e PTBH + 577, (29)
0

where -
Zr = / e PsBH ds.
0

It follows from the upper bound (21) that

e PTBH 50 as. when T — . (30)
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Furthermore, by the dominated convergence theorem, we see that
ZT = Zy a.s. when T — o0, (31)

and also note that all these random variables are Gaussian. Consequently,
(29)—(31) imply that

Ur —» 8Zy as. when T — oc.

Taking into account the representation (28), we obtain the following
passage to the limit:

e_BTXT—>Xo—|—%+'yﬁZ =( a.s. when T — oo.
Thus, (23) is proved. Moreover, using |'Hépital’s rule, we immediately
obtain the convergences (24)—(27) from (23). O
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Lemma 6.4
The following convergence holds:

T T
1
Tl BT (/ Xt2dt - =(Xr —|—xo)/ Xtdt> — gg a.s.as T — oo.
0 2 0 283
(32)

Proof. Using the stochastic differential equation (15), we can write
T 1 T
/ X2dt — (XT+XO)/ Xedt
0 2 0

T t
:/ X <Xo+ozt+ﬁ/ X5d5+’ny’> dt
0 0

1 T T
_2<2x0+aT+,8/ Xtdt+'yB¥>/ Xpdt
0 0
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0

2
It is not hard to see that J7 X, J§ X; dsdt =} (5 Xedt)", s0 I(T) = 0.
Furthermore, using the convergences (24) and (27), we obtain that

T T
1
T le PTI(T) = TleﬁT/ Xt dt — 2eBT/ Xidt
0 0
1 1 1
— —(——=(==—( as. when T — oo.
g 287 28
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Now it remains to prove that T-1e #T [ (T) tends to zero a.s. when
T — oo. Note that according to (21),

1
— sup ‘BtH‘—>O a.s. when T — oo.

T o<e<T
Therefore,

T te P |1(T)|

T T
<71 f”/ (x BH “lg 5T‘B¢‘/ IX,| dt
0
3 1 st [T
< == sup ‘B ‘ - / | X¢|dt -0 as.as T — oo,
2 T o<e<T 0

by (33) and (25).
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Proof of Theorem 6.2

In order to prove the strong consistency of A1, we rewrite it in the
following form:

1e72PT(X2 - x2) — e PT (X7 —x0) T e T [[ Xedt  B(T)

g = :
e2T [T X2dt — (T—1/2e—BT N Xtdt> b(T)
(34)

Br—

It follows from (23) and (24) that only the term 3e72°T X% in the
numerator converges a.s. to the non-zero limit. Namely,

1
B(T) — 5@“2 a.s. when T — oc.

Further, we obtain from (24) and (26):

D(T) — 215<2 a.s. when T — oo. (35)

Thus, BT — [ a.s. when T — o0.
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Now, let us consider & 7.

efﬁT(XT — Xo) T-le BT (fOT thdt - %(XT + Xo) fOT Xtdt> A( T)

&T = 5 =
e 20T [T X¢dt — (T-1/26-PT [T X,dt) D(T)
(36)

It follows from (23) and (32) that

Q@ 2

A(T) - =—¢° as. when T — oc.

2f
Combining this convergence with (36) and (35), we obtain that &7 — «
a.s. when T — oo. 0
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Asymptotic distribution

Theorem 6.5
Let

T H;(jf’) (37)
Then

Ti-H (&T = a) d
m
A — as T — oo,
( efT <5T - 5) (Z;)
where m1 =~ N(0,72), m2 ~ N(xo + %,720,2_,75) and nz ~ N(0, 4527202,_,”8)
are jointly independent random variables.
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Proof

Let us introduce the following processes
t
Z = / e P*BHds, (38)
0

t t
V, = e Pt / ePsaBl = B — e Pt / e?sBHds. (39)
0 0
The proof of Theorem 6.5 follows the following scheme.
o First, we express T*"H(a1 — a) and e’ (31 — ) via the processes
BH. Z, V., and remainder terms, vanishing at infinity.
@ Then we find the joint asymptotic distribution of the Gaussian vector
(T-HBH Zy, V1) as T — oc.
o Finally, using these results along with the Slutsky theorem, we derive
the limits in distribution for T*=" (47 — a) and e*7 (51 — ) as
T — .
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Representation of the estimators

Lemma 6.6
Forall T >0
o Wr (% +§ + 62r)
e’T(Br - B) = 5 +Rr, (40)
T
where
T 1 T . 1
Dy = e—25T /0 Xt2dt B 7 </0 Xtdt) - %QQ a.s.,as T — oo,
(41)

and

Rr —0 as,as T — oo. (42)
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Lemma 6.7

Forall T >0
vBY
7‘H

—(Br—5) = /OTxtdt.

THHar —a) = + Qr,

where

(43)

Proof. Using (17) and (18) we rewrite T&t as follows
T
Tar = X7 —x0 — 57’/ Xidt.
0
Now expressing X1 through (15), we get
R T
Tar = Ta+~BH - (ﬁr - 5) / X.dt.
0

whence the proof follows.
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Asymptotic normality of (T-"BY. Z+, V7)

Proposition 6.8

As T — oo,
T‘HB¥
Zr | £ AN(0,Y),
Vr
where
1 0 0
0.2
T=|o &2 o
0 0 opg

In particular, B7’1' , Z1, and V1 are asymptotically independent.
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Proof. In view of the normality of the random vector (T~" B!, Z1, V1),
it suffices to find the elements of its asymptotic covariance matrix.

(a) We know that
2
E [(T‘”B#) ] —1

(b) The following convergence is a corollary of Lemma 3.1:

2
o
lim BEZ2 = EZ2 = 1P 44
Tl—r)noo T o0 62 ( )
(c) Note that V; = et fot e%*dB! is a fractional Ornstein—Uhlenbeck
process with § = —f and o = 1, whence
lim EV2 = i —B,T) =07 45
Tlnoo T Tl—r>noo V( ﬁ7 ) TH.p> ( )
by Lemma 2.3.
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.
(d) E [T—HE#ZT] = T-HE [B? /0 e—ﬁfst”dt]

1 T
_ TH/ ot (T2H e T t’2H) dt
0

2
1 1—e T 1 T 1 T

—ZTH. = T—H/ —Bt2H g T—H/ —B(T—95)g2H 4o
5 3 + 5 ; e > A e s°''ds

By integration by parts, the last term equals

T H T
1T_H/ e AT=9)2H s — . HT_H/ e A(T=s)g2H-14s
2 0 25 B 0

Hence,
THe BT 1

—HpRH _ —Bt ,2H
BT BTZT}_ 25 +2TH/ e Pt2H dt

/ e PT—=9)2H-1g4s v 0 as T — co.
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(e) Similarly one can prove that
;
E[T HBTVT] — T-HeBTR [( H)2 BBT/ eﬁthHdt]
0
;
=T gr—”e—/”/ et (T2” S t|2H) dt
0

2 2eAT

T
—i—BT_H/ e Pes?H ds
2 0

H H T
_pen T T gTHeﬁT/ ettt dt
0

TH T 5 T
AT + HT~ / e PT—s)g2H-145 | T_H/ e P552H ds
~ 2e 0 2 0

—+0 as T — oo.
(f) The term E[Z7 V7] is analyzed in a similar manner. We get

lim E[ZTVT] =0.
T—o0

The proof is complete. [
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Proof of Theorem 6.5

Let (¢1,&2,&3) ~ N(0,X), where the matrix ¥ is defined in Prop. 6.8.
(1) According to Lemma 6.6, one has the following representation

2
(XUJF%JFBVZT) YV

Bt (A _ ) _
e = + R,
Fr—# Dr X0+ §+BvZr T
where Rt — 0 a.s. when T — co. By (22) and (41),
2
(Xo +3+ B'YZT) %
— =28 as.,as T — oo.

Dt %C2
Therefore, we derive from Proposition 6.8 and the Slutsky theorem that

Bt (BT B 5) q, 28v&3 !

xo+§+6&
where 13 = 237¢3 ~ N(0,48%120%, 5) and
M =X+ G+ Br& = N(x + %’720/2-1,6) are uncorrelated, hence,

independent.
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By Lemma 6.7 and Proposition 6.8, For all T >0

—HyA BH
TV H(ar —a) = ’YT,I + Qr,
where
N e BT
Qr =—€T (Br— / X.dt 5 0.

Proposition 6.8 and the Slutsky theorem,
T H(ar —a) &g = m = N(0,77),

and 7 is independent of 7, and 7.
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Lecture 3

@ Estimation in tempered fractional Vasicek model
@ Tempered fractional Brownian motion
@ Drift parameter estimation in the Vasicek-type model

Kostiantyn Ralchenko Fractional Vasicek model Lecture 3 43 /62



Mandelbrodt—Van Ness representation of fBm

According to the Mandelbrot—Van Ness representation, or moving-average
representation, a fractional Brownian motion B can be represented as

t
BtH:/ z(t,s) dW,

o0

where W is a two-sided Wiener process, and the Volterra kernel z is
defined by the formula

2(t,s) = ey ((t _s)2 (—s):’—m) ,

_ < 2HT (3-H) )1/2 _ (2Hsin(zH)T(2H))"/?

HT D) (2—2H) ey X = max{x, 0.

[3] B. B. Mandelbrot and J. W. Van Ness.
Fractional Brownian motions, fractional noises and applications.
SIAM Rev., 10:422-437, 1968.
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Tempered fractional Brownian motion

Let W = {Ws, s € R} be a two-sided Wiener process, H > 0, A > 0.

Definition 7.1 ([Meerschaert and Sabzikar (2013)])

The stochastic process By y = {Bp (t)}ter defined by the Wiener
integral

BH,)\(t) = /t gH’)\(t, S)dWs, (46)

—00
where

_1 _1
gra(t,s) = e M9+ (¢ — s)i’ 2 — e_’\(_5)+(—s)il >, seR,

is called a tempered fractional Brownian motion (TFBM).

[d Mark M. Meerschaert and Farzad Sabzikar.
Tempered fractional Brownian motion.
Stat. Probab. Lett., 83(10):2269-2275, 2013.
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Basic properties of TFBM

@ TFBM (46) is a Gaussian stochastic process with stationary
increments, having the following scaling property: for any scaling
factor c > 0

{Bra(ct)heer £ {cBrea(t) }eck, (47)

(here 4 denotes the equality of all finite-dimensional distributions).
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@ From (47)
E[(Bua(1th)?] = [tPYE[(Buay(1)] = [tP7CE, (48)

where the function C? has the following explicit representation.

L _2T(2H) 2(H+3) 1
C? = (G:)> =E[(Buy(1)] = P EENG i (2A|t)H

where t # 0 and K, (z) is the modified Bessel function of the second kind.

Kr(Alt]),
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@ From (47)
E[(Bua(1th)?] = [tPYE[(Buay(1)] = [tP7CE, (48)

where the function C? has the following explicit representation.

- - _2T(2H) 2M(H+3) 1
G = (G)* = E[(Bue(1)?] = BN ; N[t])

where t # 0 and K, (z) is the modified Bessel function of the second kind. |

g Ku(Alt)),

© TFBM (46) with parameters H > 0 and A > 0 has the covariance
function

1
cov [Bua(t), Bua(s)] = 5 C2lt)PH + c2|s)?H — 2|t —s)M],

for any t,s € R.
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Proposition 7.2 ([Azmoodeh, Mishura, and Sabzikar (2022)])
@ The TFBM (46) with parameters H > 0 and A > 0 satisfies

. ,  2r(2H)
thooE[BH,/\(t)] = 2V (49)

@ Let By \ be a TFBM from (46) with0 < H <1 and X\ > 0. Then,
there exist positive constants C; and C, such that for any s, t € [0, 1]

Gilt — s < E[|Bua(t) — Bua(s)I’] < Gt — s, (50)

D Ehsan Azmoodeh, Yuliya Mishura, and Farzad Sabzikar.
How does tempering affect the local and global properties of fractional Brownian
motion?
J. Theor. Probab., 35(1):484-527, 2022.
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Asymptotic behavior of variance of TFBM at zero

Lemma 7.3

@ Forany H € (0,1)

[(H + 3)?
™ 2Hsin(7H)[(2H)

E [Bu(t)?] t?H, ast]o0.

Q@ ForH=1 )

t
E [Bia(t)?] ~ -7 logt, ast|O.
© Forany H>1

I(2H) 5

2
E [By(t)?] ~ ey LR
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Remark 7.4 |

Let H € (0,1). When A\ =0, we get (up to multiplicative constant) the
conventional (untempered) fractional Brownian motion (FBM) through
the Mandelbrodt—van Ness representation:

H-—L1 H-—1
By (t) ::/ [(t— s). 2 —(—s), *|dW.. (52)
R
It is known that this process has the variance
[(H+ 3)?
E [(Bu(t))?] = 2 N ]
[(Br(®)’] 2Hsin(rH)F(2H) =0

Hence, the relation (51) means that the variance of TFBM is
asymptotically equivalent to the variance of FBM as t | 0.

Note that in the case H > 1 the integral in (52) does not exists. The FBM
is defined for H = 1 by different approach. This explains the difference in
the behavior of TFBM and FBM in the case H = 1.
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Lemma 7.5

@ Forany H € (0,1) and for all t,s € R4
E [\BH)\(t) _ BH7)\(S)‘2] <cC (yt ~sPH A 1) .

@ IfH=1, then for all t,s € R,

B[1Bua(t) = Bua(s)P| < € (It — s Jlog|t — sl A 1) .

© Forany H>1 and for all t;s € R,

B 1Bua(t) = Bua(s)P| < C(1t —sP A1),
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Remark 7.6 (sample path properties of TFBM)

[Meerschaert and Sabzikar (2013)] have obtained the following results

about sample path properties of TFBM:

(a) If He (0,1), then TFBM satisfies Holder condition of any order

v € (0, H) on any interval [0, T];

(b) For H> 1 TFBM has continuously differentiable sample paths and,
moreover, they are p times continuously differentiable for H > p.

Note that (a) agrees with statement (/) of our Lemma 7.5, and follows

from it via the Kolmogorov—Centsov theorem.

(c) for H =1, the process Bj )(t) satisfies Holder condition of any order
v € (0,1); it is not continuously differentiable for any ¢t > 0.
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Asymptotic growth of the trajectories of TFBM

Theorem 7.7

For any 6 > O there exists a non-negative random variable § = £() such
that for all t > 0

sup |Bua(s)] < (1“S v 1)5 a.s.,
s€[0,t]

and there exist positive constants C; = Cy(d) and G, = C(9) such that
for all u> 0 ,
P(¢ > u) < Ge @, (53)

Let o = 1_’21,6. Then for any v > 0 there exists a constant C3 > 0 such

that for all u > «

2 L]2 a2 77/5
P >u) < 25_1\/Eexp{—w}exp G (1 —4/1— u2>

-_ — e

Kostiantyn Ralchenko Fractional Vasicek model Lecture 3 53 /62



Remark 7.8

For FBM B = {B!l',t > 0}, the following upper bound was established in
[Kozachenko, Melnikov, and Mishura (2015)]

sup ‘BSH
s€[0,t]

< (1 v (tH(Iog+ t)p)> £(p) (54)

for any p > 0. We see that TBFM demonstrates much slower asymptotic
growth.

@ Yuriy Kozachenko, Alexander Melnikov, and Yuliya Mishura.
On drift parameter estimation in models with fractional Brownian motion.
Statistics, 49(1):35-62, 2015.
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Strongly consistent drift estimation in the fractional
tempered Vasicek model

Our focus in this section is on the statistical inference of the tempered

fractional Vasicek model, which is described by the following stochastic
differential equation:

t
Xt :Xo—l-/ (Oé+ﬁXs) CT'S—I—’)/B,I-/7,\(1')7 t>0, Xo=x €R, (55)
0

where & € R, 5> 0, v > 0. Equivalently, X = {X;,t > 0} is the process
given explicitly by

t
X, = xpelt — % (1 - eﬁf) +y / A=) 4By, 1\ (s). (56)
0

Let us consider the estimation of unknown drift parameter
0 = (a,8) € R x (0,00) in the Vasicek model (55).
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We define the estimator 61 = (arT, BT) as follows

. (Xr—x) ( ST X2dt = L(X7 + x0) [} Xtdt> -
aT = 2 )
T Jy Xzdt— (J;| Xeat)

(X7 = %0) (3T(X7 +%0) = i Xeal)
= A (58)
T Jy Xzdt— (J; Xeat)

=

It is worth noting that both &7 and BT do not depend on the diffusion
parameters H > 0, A > 0, and v > 0, which may be unknown.
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Theorem 7.9

The estimator (&7, 37) is strongly consistent, i.e.,

ar — a, BAT—>B a.s. when T — oo.

The strong consistency of the estimator (&1, 37), is proved similarly to
the fractional Brownian case. We study the asymptotic behavior of all
processes and integrals involved into the right-hand sides of (57)—(58),
using the asymptotic growth of TFBM’s sample path (Theorem 7.7).
As in the case of the fractional Vasicek model,

oo
/ e P |Bya(s)|ds < 0o as.,
0

and the following random variable is well defined:

a e’}
C = X0 + B + ’)’B/ e_BSBH7)\(S) ds.
0

Kostiantyn Ralchenko Fractional Vasicek model Lecture 3 57 /62



Lemma 7.10

The following convergences hold a.s. when T — 0o:
eiﬁ TXT — C7

r 1 v 1
e—BT/ Xedt — =, e—ﬁT/ |X¢| dt — = [¢],
0 B 0 B

T 1 T 1
e—2/”/ X2dt — ﬁg% T-le—BT/ Xet dt — EC’
0 0

107 ([ x2dr - Lix i o
t T +X0) Xtdt — C
0 2 0 28

Using the above convergences, we establish strong consistency similarly to
the the case of the non-ergodic fractional Vasicek model studied in
Section 6.
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Asymptotic distribution of the estimator

Theorem 7.11 |

Let
> 2I(2H)
OHx = (2)\)2H

and O-f2'/>\,8:

g/ooo exp{—pBu} C2u?Mdu. (59)

Then the following statements hold.

© The estimator &t is asymptotically normal:
A d 2 2
T(ar —a) = N (0,7%0f,) as T — oo.
© The estimator BT has asymptotic Cauchy-type distribution:

eﬁT<BAT—B> i>ﬂ, as T — oo,
2

where n1 ~ N (0, 452720,247/\75) and np ~ N(xo + %,720,2_,7)\’5) are
independent normal random variables.
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- T
Zt = / efﬁSBH,x\(S)dS, Ur = e/BT/ eBSBH,A(s)ds,
0 0

T
Vr = e_BT/ eBSdBH)\(S) = BH,)\(T) - 6UT'
0

Proposition 7.12

ZT ;
Ur| =2 N(0,Y), asT —
Vr
where _ )
B OHb B OHb
_ -2 2 2/ 2 2
r=\|p OH\b g (QH,A_UH,)\,b)
2

O O UH,A,b

In particular,
@ Zt1 and V1 are asymptotically independent;
o Ut and Vi1 are asymptotically independent.

=7 ™ - —_
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Remark 7.13 (Joint distribution of the estimators)

Unlike the case of the Vasicek model driven by fractional Brownian
motion, the estimators &7 and S1 are not asymptotically independent.
More precisely, the following convergence holds

T(ar — ) d, 57%25—5 V€3 (60)
T (Br-6)) " \ wreite )
where the random vector (&1, &2,£3) has a Gaussian distribution N(0, X)
with the covariance matrix ¥ defined in Proposition 7.12. We see that the
normal random variables & ~ J\/’(O,ﬁfzaﬁ)\ﬂ) and &3 ~ J\/’(O,Jf_,,)\ﬂ) are

independent, and so are & ~ N/(0, 372(0%, \ — 0,2_,)\75)) and &3. However,
there is a correlation between &3 and &, namely cov(&1,&2) = 6_20,2_,7A75.
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Basic references for Lecture 3

[§ Stanislav Lohvinenko, Kostiantyn Ralchenko, and Olha Zhuchenko.
Asymptotic properties of parameter estimators in fractional Vasicek
model.

Lithuanian J. Statist., 55(1):102-111, 2016.

[@ Yuliya Mishura and Kostiantyn Ralchenko.
Asymptotic growth of sample paths of tempered fractional Brownian
motions, with statistical applications to Vasicek-type models.
Fractal and Fractional, 8(2:79), 2024,

[d Yuliya Mishura, Kostiantyn Ralchenko, and Olena Dehtiar.
Asymptotic properties of parameter estimators in Vasicek model
driven by tempered fractional Brownian motion.

2024 (in progress).
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