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Numerical studies

Simulate an n X m-random matrix X with i.i.d. entries X;; ~
Ber(p) — p. Then

- Xyl =1
- EX} =0%=p(1—p)

Compare the eigenvalues of XX and XX™ ® M, where M
removes the diagonal (M;; = 1if i # j and M;; = 0)

In the following, n = 1000 and m = 10 000
Al
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XXT
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XX' XX"TOM

(2ynm + n + m)o? (2y/nm + n)o?

p = 0.001 p = 0.001
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XX' XX"TOM

(2ynm + n + m)o? (2y/nm + n)o?
p = 0.0005 p = 0.0005
2.0 - Lo -
0.8 -
0.6
0.4 -
0.2

0.0
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Asymptotic formulas holds for different 6 ~ p

but not for too small




Bound for ||XX'||:

Al

Bound for ||XXT O M||:
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Bound for ||XX'||: Bound for ||XXT O M||:

(2ynm +n+m)o?(1 + op(1))

assuming
- n=m>1
- (logm)/m K 0% K m™98

|. Dumitriu and Y. Zhu. Extreme singular values of inhomogeneous sparse
random rectangular matrices. Bernoulli, 30(4), 2024.
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Bound for ||XX'||: Bound for ||XXT O M||:

(2vnm +n+m)a?(1 + op(1)) (2vnm +n)a?(1 + op(1))
assuming assuming
- n=m>»>1 - nm>1
- (logm)/m <K 0% K m™98 - (logn)/y/nm < a2, or

- JQogn)/nm < 62 < 1/n (?)

|. Dumitriu and Y. Zhu. Extreme singular values of inhomogeneous sparse
random rectangular matrices. Bernoulli, 30(4), 2024.

Al
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Bound for ||XX'||: Bound for ||XXT O M||:

(2vnm +n+ m)o?(1 + op(1)) (2vnm +n)a?(1 + op(1))

- Removing the diagonal can make the noise smaller by a factor O (Jm/n)

Al
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Bound for ||XX'||: Bound for ||XXT O M||:

(2ynm +n + m)o?(1 + op(1)) (2vnm +n)a?(1 + op(1))
- Removing the diagonal can make the noise smaller by a factor O (Jm/n)

- Significant when m > n (wide X), e.g. a flattened d-way n X --- X n-array isn X m
with m = n4-1

A = 5/22/2026 13



For wide X, diagonal and off-diagonal

parts of XX 'differ by orders of magnitude




E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

A = 5/22/2026 15



E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

Symmetric n X n-matrix A and k > logn even:

n
Inax(F S Y AAF S 0 A ()
=1
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E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

Symmetric n X n-matrix A and k > logn even:

n
Anax (< Y NAF S Aag (A
=1
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E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

Symmetric n X n-matrix A and k > logn even:
n
Imax(F < A(A) S 1 A (A
i=1

A = 5/22/2026 18



E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

Symmetric n X n-matrix A and k > logn even:

Amax(A)k < tr A¥ = n- Amax(A)k

A = 5/22/2026 19



E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

Symmetric n X n-matrix A and k > logn even:
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E. P. Wigner. Characteristic Vectors of Bordered Matrices with
Trace methOd Infinite Dimensions. The Annals of Mathematics, 62(3):548, 1955.

Symmetric n X n-matrix A and k > logn even:

1
(tr AF)E ~ 205 (A)

A = 5/22/2026 21



A sharp bound for the largest eigenvalue can

be found by bounding E tr A* with k > logn




Trace method: history (if time)

Bounded k: E. P. Wigner. Characteristic Vectors of Bordered Matrices with Infinite Dimensions. The
Annals of Mathematics, 62(3), 1955.

Large k: Z. Furedi, and J. Komlds. The eigenvalues of random symmetric matrices. Combinatorica,
1, 1981.

Large k: Y. G. Sinai, and A. B. Soshnikov. A refinement of Wigner's semicircle law in a neighborhood
of the spectrum edge for random symmetric matrices. Functional Analysis and its Applications, 32(2),
1998.

Sparse: A. Khorunzhy. Sparse random matrices: spectral edge and statistics of rooted trees.
Advances in Applied Probability, 33(1), 2001.

Sparse: V. H. Vu. Spectral norm of random matrices. Proceedings of the thirty-seventh annual ACM
symposium on Theory of computing, 2005.

A = 5/22/2026 23



Trace method: history (if time)

Improvement via lhara—Bass and nonbacktracking walks: F. Benaych-Georges, C. Bordenave,
and A. Knowles. Spectral radii of sparse random matrices. Annales de I'Institut Henri Poincaré,
Probabilités et Statistiques, 56(3), 2020.

Improvement via comparison to Gaussian: R. Latata, R. van Handel, and P. Youssef. The
dimension-free structure of nonhomogeneous random matrices. Inventiones mathematicae, 214,

2018.

Rectangular matrices via nonbacktracking walks: |. Dumitriu and Y. Zhu. Extreme singular values
of inhomogeneous sparse random rectangular matrices. Bernoulli, 30(4), 2024.

A = 5/22/2026 24



Theorem

Let X € [—-1,+1]™*™ be a random matrix with independent mean-zero
entries. Define variance quantities

op = —maxz: EXZEX]

= —maxz IEX2 IEXLZJ,
m iyl

1 E 2
n

2 2
Omax — Max IEIX

Al g
= 5/22/2026
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Theorem

Assume \/nmo, + k = no? + k. Then Etr[(XXT © M)X] is bounded
from above by

2k

8k

3w (£)
a

nke® JZ\/nma,%m + no? + 3k +

1
4 2 3
where a = 2(8941{5( om_y, Jmax )) .

nop, AMo2,
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Proof
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Proof
E[|XXT O M||¥ < Etr(XXT © M)*
= [k z (XXT @ M)i1i2 (XXT @ M)ik—lik(XXT @ M)ikil
il,...,ik

— R ‘LI 'SR 4 I ‘SR ‘4L IR (S 1 B
= E Z Xl1]1X]112X1212X]213 "'Xlk—1]k—1XJk—1llekaXJkll

—F Z ‘ ‘X#{walk [1j1i2J2 - ik—1Jk—1ikJjKi1 traverses through e}
T e

il-'/-"“-'/-'ik, e
j1;---;jk

A = 5/22/2026
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Proof
E[|XXT O M]||¥
#{walkiqj1isJo...ix—1Jk-1ik i1 traverses through e}
<t ), ||«

ili“'iik, e
jlr"vjk

The walk iyj; ... i jxi1 IS @ graph homomorphism f:C — G, where

- C is the cycle graph with vertex set [2k] and the rule is defined by
fQD)...f(2K) = iyjq1 - kjis

- fis surjective, i.e, V(G) = {i{,ji, )ik, jit € [n] U [M]

- Gis coinduced, i.e., E(G) = {{f (1), f(2)}, ..., {f k), F(D}}

AL



Proof

E||XXT O M|[¥ < E z 1_[ x U@ fin}=e}
f:C—-G e€E(G)

where we sum over those f for which

- f(i) € [n] forodd i, f(j) € [m] for even j.

- f(j—1)# f(j+1) for all even j (nonbacktracking at m-nodes)
- G Is coinduced by f and f Is surjective

Al
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Proof

#(i: {f(D),f(i+1)}=e)
E||IXXT O M||¥ < E 2 1_[ xHe g siti=er

f:C—-G e€E(G)

where we sum over those f for which

Al

f(@i) € [n] forodd i, f(j) € [m] for even j.
f(G—1)# f({+ 1) for all even j (nonbacktracking at m-nodes)
G Is coinduced by f and f is surjective

#{i : {f(),f(G+1)}=e}=2forall e € E(G); otherwise the
contribution of the walk is zero since X;; are independent and
centered

222222222



Proof

EpxxTomif<e » || xz,

f:C—G e€E(G)

where we sum over those f for which

Al

f(@i) € [n] forodd i, f(j) € [m] for even j.
f(G—1)# f({+ 1) for all even j (nonbacktracking at m-nodes)
G Is coinduced by f and f is surjective

#{i : {f(),f(G+1)}=e}=2forall e € E(G); otherwise the
contribution of the walk is zero since X;; are independent and
centered
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Proof

Divide the complex task E Y. ¢ [1,cz g X& into parts:

Task 0: Every f admits a decomposition f3 o f, o f;

Al
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Proof

Divide the complex task E Y. ¢ [1,cz g X& into parts:

Task 0: Every f admits a decomposition f3 o f, o f;
Task 1: How many f;?
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Proof

Divide the complex task E Y. ¢ [1,cz g X& into parts:

Task 0: Every f admits a decomposition f3 o f, o f;
Task 1: How many f;?
Task 2: How many f,?
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Proof

Divide the complex task E Y. ¢ [1,cz g X& into parts:

Task 0: Every f admits a decomposition f3 o f, o f;
Task 1: How many f;?

Task 2: How many f,?

Task 3: How to bound EY ¢ [ecp(g) X6?
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Proof

Divide the complex task E Y. ¢ [1,cz g X& into parts:

Task 0: Every f admits a decomposition f3 o f, o f;
Task 1: How many f;?

Task 2: How many f,?

Task 3: How to bound EY ¢ [ecp(g) X6?

Task 4: Collect everything together
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Proof

Divide the complex task E Y. ¢ [1,cz g X& into parts:
Task 0: Every f admits a decomposition f; o f, o f; Category theory

Task 1: How many f;? Combinatorics

Task 2: How many f,? Combinatorics

Task 3: How to bound EY ¢ [T,ep(g) X&7? Holder’s inequalities
Task 4: Collect everything together Calculations

AL



Proof: Task 0

A!

f1

f2

f3

22222222222



Proof: Task 0

f1 f2 f3

Fold trees only,
edges on trees
traversed twice

AL



Proof: Task 0

fl f2 f3
Fold trees only, Fold the cycle into a
edges on trees 2-core (no 1-degree
traversed twice nodes) only, edges

Al covered at least twice



Proof: Task 0

fl fz f3

Fold trees only, Fold the cycle into a Fold ftrees such that
edges on trees 2-core (no 1-degree the distance to the
traversed twice nodes) only, edges core Is preserved

Al covered at least twice



Proof: Task 1

- Mark “—" if traversed for the second
time < step towards the cycle;

- Mark “+” if traversed for the first time
< step away from the cycle

A!



Proof: Task 1

- How many f;,? < 22k

A!



Proof: Task 1

- How many f;? < 22k

- Improvement < 3*: two consecutive
steps (n-m-n) can be , — — Or —
but not -+ — because the walk is
nonbacktracking at m-nodes

A!
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Proof: Task 1

A!

How many f;? < 22k

Improvement < 3*: two consecutive -——k
steps (n-m-n) can be , — — Or —

but not + — because the walk is
nonbacktracking at m-nodes

Improvement < (#{I—(+}) 2k=#=+} track

how many times — + is chosen < how
many n-nodes are there more than m-
nodes

222222222



Proof: Task 2

A!

f2

22222222222



Proof: Task 2

Al

2
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Proof: Task 2

How many f,:C,, — G such that

- f, surjective and G is coinduced (w.l.g. G is a quotient graph and f; is
the corresponding natural projection),

- every edge e € E(G) is covered at least twice,
- Edge count |[E(G)| =1 and genus |E(G)| — |V(G)| + 1 = g are fixed

/
2
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Proof: Task 2

ldea: Choose one step f,(i)f,(i + 1) & one node f,(i + 1) at a time.

- Type (i) step = the edge is traversed for the first time

- Type (ii) step = the edge is traversed neither for the first nor the last
time

- Type (iii) step = the edge is traversed for the last time

/
2
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deg<1 deg > 2

prior to prior to
the step the step

How many? g l—g 2k’ — 21 g l—g

Combinatorial

cost k 1 Max deg Max deg 1
2k’ ek"\*? 2k’ 2k’
Choose types
g g 21 g



How many?

Combinatorial
cost

Choose types

(2k’
g

)

deg<1 deg > 2
prior to prior to
the step the step

Genus increases g
times




o (Y g | deg > 2
priorto | priorto
the step | the step

How many? g l—g 2k’ =21

Combinatorial

cost o Every edge IS
| traversed once for |
Choose types (2;() the f| rSt/IaSt t|me <2§)




deg<1 deg > 2
prior to prior to
the step the step

How many? g l—g 2k’ — 21 g l—g

Combinatorial

cost k Max deg 1

(5)
g 5/22/2026 54

2k steps in total

2k’
Choose types ( )




Number of nodes =
l+1—-g<Il<k

How many? g 2k’ — 2 g =g
Combinatorial K 1 Max deg Max deg 1
cost
2k ek"\* 2k 2k
Choose types —
g g 21 g



New edge and new

node
How many? g [ —7 2k’ — 21 g l—g
Combinatorial K 1 Max deg Max deg 1
cost
2k ek"\* 2k 2k
Choose types
g g 21 g



Choose neighbor

node
How many? g l—g \2"" \ g l=g
Combinatorial K 1 Max deg Max deg 1
cost
2k ek"\* 2k 2k
Choose types
g g 21 g




How many? g l—g

Combinatorial

cost k 1
2k’ "\ 29 2k’ 2k’
Choose types ( ) £ ( ) ( )
g g 21 g



Ag = 0: In the final graph but without
traversed type (iil) steps/edges

The step deletes both the source
hnode and the edge. Since the
source node is no longer visited, Its
degree must be 1 prior to the step

2k’
Choose types < g )

&) )



prior to
the step

How many? g l—g
Combinatorial " 1
cost
2k’ ek'\*? 2k’ 2k’
Choose types
g g 21 g



z(degx —2) =2|E| - 2|V| < 2g,

xXeV

3 B L I G R PR

S<2g

cost ; \ 7 29 !
<ek’)2‘g <2k')
g 21

2k’
Choose types ( p )



Type (iii)

If the degree Is
priorto  =i=r 5 > 2, It cannot

the step

How many? g

Combinatorial

cost g
2k’ ek"\* 2k 2k'
Choose types —
g g 21 g



If the degree is one and the type is (iii), then
a degree-one node is created. Since Ag = 0,
that node Is not visited later and hence the

degree-one node remains in the final graph I~ g
(CONTRADICTION)

cost " 1 : 2y “Y \1

2k
Choose types < g )



deg<1 deg > 2

prior to prior to
the step the step

How many? g l—g 2k’ — 21 g l—g

Combinatorial

cost k 1 29 249 1
<2k’) ek"\*? (Zk’) <2k’)
Choose types
g g 21 g



Task 2: How many f,?

I\ 2 N\ 29
2k k :
) (e ) k'?(2g)%* 721 (29)¢




Task 2: How many f,?

Bound is larger for larger genus




Proof: Task 3

Al

f3
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Proof: Task 3

Al

Fix the source graph of f5:H = G
2-core of H (= 2-core of ) has genus g and [ edges

f3

222222222



Proof: Task 3

- If there exists an m-node j € V(H) with exactly two n-node neighbors
i,1, that lie on a cycle, sum over all possible f;(j) € [m] and take

2 2 4
out the common factor 2.z, ) EXf i), (n EXfy (1) 1,() < MOm

- If there exists an n-m-edge {i,j} € E(H) lying on a cycle and i has
degree at least 3, take out the common factor IEXfB(i)fB(j) < 02.%

f3

A = 5/22/2026



Proof: Task 3

After removing g, n-m-n bridges and g, = g — g, edges this way, we
are left with a tree T c H leaving us the sum

(maot)915292 IEZ 1_[ X2

f3lT e€E(T)

Moreover, no leaf is an m-node in T'!

A s 5/22/2026



Proof: Task 3

Lemma. For X4, ..., X,, = 0 and p; = q;,

Al

| |

I

EX;
EX '

[EX.pl‘l"“‘l'pn

< max—
— ™ +...+
N S

5/22/2026
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Proof: Task 3

Lemma.
IR
f3lT e€E(T)
2 2 [V (T)| E(Zlezj [Va(T)|-1
<n maX]E 2 XX max oy
J m
il il #i IE(ZLXLZJ)

< n(nmot, + k)"mMl(ne? + k)lvn(T)|_1_|Vm(T)|

= n(nmohy + 10)Vn®l (ng2 + )T D]

Al

5/22/2026



Proof: Task 3

(Mmom) 910092 - n(nmoyty, + k)Vn™l (no?

Al

+ k)IV(T)I—l—ZIVm(T)I

5/22/2026

73



Proof: Task 3

2
< (mo,;)91 am%(

Al

.n<

Jnmaok, +

not + k

2|V (T)
k)
(no

2
n

+ k

v@)-1
)

5/22/2026
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Proof: Task 3

nMoym 5 V(T)[-1
nos + k
no? + k ) (noi + k)

< (ma,‘}l)glarigi : n(

Since |V,,(T)| — |V,,,(T)| = #{— +} + 1, the number of m-nodes has an

upper bound |V, (T)| < lV(T)l_j{_H_l. Here

()| =|V(H)| - g4
=|E(H)|—g—9g:+1

AL



Proof: Task 3

2| Vi (T

Jnmogr, +k VT k—k'+1-2g, -

nm (TlO‘Z +k) 9d1—92
nos + k "

= (maﬁl)glaégi : n(

Since |V,,(T)| — |V,,,(T)| = #{— +} + 1, the number of m-nodes has an

upper bound |V, (T)| < lV(T)l_j{_H_l. Here

()| =|V(H)| - g4
=|E(H)|—g—9g:+1

AL



Proof: Task 3

Jnmoz, +k

4 29>
< (mo,)9t0,.,% " n o
n

x (no? + ) IR0

)

k—k'+1-2g,—g,—#{—+}

5/22/2026
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Proof: Task 3

2
< (mo}t)910.72

X (noZ + k)#{_+}

Al

: n\/nmaf{m + k

k—k'+1-2g,—g,—#{—+}

5/22/2026
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Proof: Task 3

4 g1
mom 29
< s -anma4 + k

(nma,‘{m + k) max mm
#{—+}

k—k'+1—g,—#{—+}

X (noZ + k)

A = 5/22/2026 79



Proof: Task 3

4 g1
— 4 max

X (noZ + k)#{_+}

: n\/nmaf{m + k

k—k'+1-g,—#{—+}

5/22/2026
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Proof: Task 3

4 \91 2
()" (e
= 2

NOnm Jnmoz, +k

X (noZ + k)#{_+}

Al

g2
) : n\/nmaf{m + k

k—k'+1—#{—+}

5/22/2026
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Proof: Task 3

4 N\ 91 2 Jo k—k'+1-#{—+}
Um Umax 4
< Z > ‘N _|nmoyy, +k

#—+}

X (noZ + k)

A s 5/22/2026 82



Proof: Task 3

<

|

no,, nm
# —
X (noZ + k) =

Al

4 2
( Om Omax

2
Unm

}

g
) -n\/nmaf{m + k

k—k'+1—#{—+}

5/22/2026
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Task 3:

In contrary to task 2, the bound
Is smaller for larger genus




Proof: Task 4

z Task1 - Task?2 -
#{_+}'l'g

A!

5/22/2026
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Proof: Task 4

=)

2k"\ /8e*k5\? ,
S () (3 (555) g

#{—+} g I

Xn
(ngnm Vnma_?%m

A!

- 52 k—k'+1—#{—+}
L — ) (\/nmanm + k) (no? + k)



Proof: Task 4

=)

2k"\ [8e*k5\?Y ,
S () (3 (255 s

#{—+} g I

. ; ke 1= #{—4)
m max
X N \Y; nmot +k no? + k
(- rnma,%) (Jrmota i) (now +k)

A!

222222222



Proof: Task 4

#{—+)
cn 3 () (R )y (e
— \#{—+} Jnmoi +k - NOpm
2 g k—k' ) l
V nmo,, +k (29) nmao,, +k
2 nm nm
MO m l 21

A!



Proof: Task 4

Hi—
( k ) il nos +k ) 8e4k5< o
—n 2 2k—#(=+) Z
H{— +} Jnmoi +k - NOm

#l—+}

o2 ! 2k—2k' 2k’ : 21
V \/%:%m>) (nmoy,, + k) 4 Z ( ) ) (29)%* 2  (nmaot, + k)%

A!



Proof: Task 4

#—+) i
- z ( k >2k_#{_+} nos + k Z 8e*k ( O
H{— +} Jnmoi +k g° \nopm

#{—+} g

g 2k’
o2 2k—2k' 1
V— )) (nmoj,, + k) 4 ((nma,ffm + k)% + Zg)

Vnmoz,,

A!



Proof: Task 4

- 2 (#{f+}

#l—+}

Vnmaoys,

A!

) 2k—#{—+} (

g

2
o 2k
V—= )) (nmoym + k)4

noz + k

Jnmozx, +k

4

>#{_+}Z <Be4k5 (

2k’

1
(nmoy, + k)% + 2g

1
(nmoy, + k)*

nanm

5/22/2026
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Proof: Task 4

#{—+} g -
a2 7 2k [ (nmoy,, + k)% + 2
V maxz (nmoy, + k)4 tm - g
Vnmoz,,

A = 5/22/2026



Proof: Task 4

<ny

#{—

2

+}

Umax

Vv

Vnm

A!

2
O_nm

2
k )Zk_#{_+}< no; + k
#{— +] Jnmog, +k

))g ((nmaf}m + k)% + 29)2k

4

>#{—+}Z <8e4k5 (

nanm

5/22/2026
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Proof: Task 4

< n(Z +\/
884k5(

<2,

g

A!

(

, K
no; + k )

nmo,,, + k

4 2
Om Omax

g3

V
no,, nmoz,

))g ((nma,ffm + k)% + Zg)

2k

5/22/2026
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Proof: Task 4

2k

no’ + k
Jnmop, +k

\
8etk> [ o2 g2 ! 1
XZ( PE (nﬂ V Jrmo? )) (cmoi 107+ 29
g nm

O_nm

<n |2+

2k

A = 5/22/2026 95



Proof: Task 4

g
- nz: 8e4k5( o y 02 ax )
B g°> \nogm Vnmogy,

g
2k

no? +k 1 o
X |2+ = ((nma,ffm + k)3 + Zg)

\ Jnmop, +k

A = 5/22/2026 96



Proof: Task 4

X

A!
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