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e Part 1: graphical models

e Part 2: graphical models

e Part 3: Graphical models in
Intended learning goals

e Get an to the vast area of graphical models.

e In particular, learn about graphical models in



Part 3: Graphical models in extremes
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e In many multivariate applications, the most

catastrophic outcomes are due to the

Alttude

concurrence of several rare events. do o aom

e However, we typically only have very few
extreme observations!

= We are interested in models that allow for
notions of conditional independence, graphical
models and sparsity in extremes.

e Example: Danube river data of Asadi et

al. (2015).
Figure 1: Topographic map of the upper Danube basin.



A closer look at the Danube river data
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Figure 1: Topographic map of the upper Danube basin.
Figure 2: Scatter plot of data for Stations 1 and 2.



A closer look at the Danube river data
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Figure 1: Topographic map of the upper Danube basin.
Figure 3: Scatter plot of data for Stations 1 and 12.



A closer look at the Danube river data
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Figure 4: Scatter plot of data for Stations 27 and 12.
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Marginal rescaling and threshold
exceedances



Simplifying dependence modeling: Marginal rescaling
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Figure 2: Scatter plot of data for Stations 1 and 2.



Simplifying dependence modeling: Marginal rescaling

3000
1

2500
1

e We only want to model the dependence
structure of the data-generating process X*,

2000
.

therefore we standardize the margins.

Station 2
1500
I

e If X has a continuous cdf F;, then

1000
1

Xi = —log(1 — Fi(X"))

500
1

is standard exponential.

T T T T T T T
1000 2000 3000 4000 5000 6000 7000

Station 1

Figure 2: Scatter plot of data for Stations 1 and 2.



Simplifying dependence modeling: Marginal rescaling

3000
1

2500
1

e We only want to model the dependence
structure of the data-generating process X*,

2000
1
.
.

therefore we standardize the margins.

Station 2
1500
I

e If X has a continuous cdf F;, then

1000
1

Xi = —log(1 — Fi(X"))

500
1

is standard exponential.

e In practice, we estimate F; via the empirical ‘ ‘ ‘ ‘ ‘ ‘ ‘
1000 2000 3000 4000 5000 6000 7000

distribution function. _
Station 1

Figure 2: Scatter plot of data for Stations 1 and 2.



Simplifying dependence modeling: Marginal rescaling

e We only want to model the dependence . .
structure of the data-generating process X*,
therefore we standardize the margins.

e If X has a continuous cdf F;, then
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Figure 5: Standardized scatter plot of data for Stations
1 and 2.



When do we consider an observation as extreme?

e In the approach of threshold exceedances, we . .
consider a multivariate observation as large/
extreme if it exceeds a large quantile in at

least one margin.
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When do we consider an observation as extreme?

e In the approach of threshold exceedances, we . .
consider a multivariate observation as large/
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When do we consider an observation as extreme?
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e In the approach of threshold exceedances, we
consider a multivariate observation as large/
extreme if it exceeds a large quantile in at

least one margin.
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Figure 6: Standardized scatter plot of data for Stations
1 and 2 with highlighted threshold exceedances.



When do we consider an observation as extreme?
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Multivariate Pareto distributions
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Multivariate (generalized) Pareto distributions

Let X be a with exponential margins,
i.e. each X; follows a standard exponential distribution.

Threshold exceedances &

The limit distribution for threshold exceedances

P(Y<y)= lim P(X—uvl1<y|X Lu)
u— oo

is a (generalized) 0

»1
= Y lives on an L-shaped space £ = {y € R? : y £ 0}. .
Figure 8: Support of Y for d = 2.



The exponent measure
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lim tP(X — t1 € A) = A(A),
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for all Borel subsets A C R? bounded away from {—co}9, with zero mass on the boundary.



The exponent measure

e Equivalent to the existence of the threshold exceedances limit is multivariate regular variation:
lim tP(X — t1 € A) = A(A),
t—o0

for all Borel subsets A C R? bounded away from {—co}9, with zero mass on the boundary.

e Ais a Radon measure on R? that we call the exponent measure.



The exponent measure

e Equivalent to the of the threshold exceedances limit is

lim tP(X — t1 € A) = A(A),

t—o0

for all Borel subsets A C R? bounded away from {—co}9, with zero mass on the boundary.
e Ais a Radon measure on RY that we call the
Homogeneity
A is
A(tA) = e *A(A)

for any Borel set A C R? and t € R.
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Distribution of Y

Exponent measure density
If A'is absolutely continuous with respect to the Lebesgue measure, its derivative \ satisfies the same
homogeneity as A. We call A the

The exponent measure fully describes the of Y since
A([=o0,y]*N L)
P(Y<y)=——"F1—~.
(Y <y) A L)
Density of Y

The of Y is then given by fy(y) = % fory € L.



Extremal conditional independence and
graphical models



Extremal conditional independence

Let Y be multivariate Pareto with support on the
L-shaped space £ = {y € R? : y £ 0}.

Figure 9: Support of Y for d = 2.
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Extremal conditional independence
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Extremal conditional independence

Let Y be multivariate Pareto with support on the I T T
L-shaped space £ = {y € R? : y £ 0}. rrrr:fﬁﬁ
e Objective: Study (conditional) independence R —
fory. | CLLEErrm

e Problem: L is not a product space = no I

classical notion of (conditional) independence. | L

e ldea of Engelke and Hitz (2020): Control the 0
location of the exceedance Yj > 0. "

Figure 9: Support of Y for d = 2.
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Extremal conditional independence

Approach of Engelke and Hitz (2020):
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Figure 10: Support of bivariate Y1 and Y?
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Extremal conditional independence

Approach of Engelke and Hitz (2020):
Let Y¥ =Y | {Ys >0}, where k € V ={1,...,d}.

0 0
Y1 N

Figure 10: Support of bivariate Y1 and Y?

Density of Y*

For each k € V, Y* has as probability density the A(y) restricted to its

support £X := {x € RY : x, > 0}.
11



Extremal conditional independence and graphical models

Definition
Ya is of Yg given Yc (Ya Le Y& | Yc) if and only if

Vke V:Ys 1l Y| YE
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Extremal conditional independence and graphical models

Definition
Ya is of Yg given Yc (Ya Le Y& | Yc) if and only if
Vke V:Ys 1l Y| YE
e Forany I C V, let A\i(y;) = [ A(y)dyv\s be the exponent measure density.

Representation via the exponent measure density
Ya Le Ya | Yc if and only if

A(Y)Ac(yc) = Aauc(yauc)Asuc(ysuc)

for ally € L.

12



Extremal graphical models

The pairwise Markov property gives rise to extremal graphical
models:
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Extremal graphical models

The gives rise to extremal graphical
models:

Undirected extremal graphical model

We call Y an undirected wrt
G = (V, E) when

jEgE=Y; L Yj| Yn;
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Extremal graphical models

The
models:

gives rise to extremal graphical

Undirected extremal graphical model
We call Y an undirected

G = (V, E) when

jEgE=Y; L Yj| Yn;

wrt

Figure 11: The four-cycle imposes
Y1 Le Y3 | Yaa and Y2 Le Ya | Yis.
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Extremal graphical models

The

models:

gives rise to extremal graphical

Undirected extremal graphical model
We call Y an undirected
G = (V, E) when

fEE=YiLleYj|Yn;

Figure 11: The four-cycle imposes
@ Engelke, Hentschel, Lalancette, R. (2024). Y1 le Ys| Yaaand Y2 Le Ya | Yis.

Graphical models for multivariate extremes.

wrt

Review article:
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An extremal analogue of Gaussians:
The Hiisler—Reiss distribution



The Hiisler—Reiss multivariate Pareto distribution

Definition
A is a multivariate Pareto with
exponent measure density

A(y) = crexp <—; (yt 1) (—12Tr ;) (Z)) :
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The Hiisler—Reiss multivariate Pareto distribution

Definition
A is a multivariate Pareto with

exponent measure density

A(y) = crexp <—; (yt 1) (—12Tr ;) (3{)) :

where the parameter I is a , i.e.
[y = Var(Y/ — v})

for any k € V.
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The Hiisler—Reiss multivariate Pareto distribution

Example:
Definition 0 T Tis 0 9 25
A is a multivariate Pareto with M. 0 Ts|=]9 0 16
exponent measure density Ms Toz O 2% 16 0
1 ir o1\’
-3 y
1=aren(-3679) (3 |
) mw<2y i
where the parameter I is a , i.e.

[y = Var(Yf — Y/)

for any k € V.
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The Hiisler—Reiss multivariate Pareto distribution

Example:
Definition 0 T Iis 0 9 95
A is a multivariate Pareto with M- 0 Ts|=|9 0 16
exponent measure density Fs s O 5 16 0

A(y) = crexp <—; (yt 1) (—12Tr ;) (3{)) :

where the parameter I is a , i.e.
[y = Var(Y/ — v})
for any k € V.

Any valid I is a
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The Hiisler—Reiss multivariate Pareto distribution

Example:
Definition 0 T Tis 0 9 25
A is a multivariate Pareto with M. 0 Ts|=]9 0 16
exponent measure density Ms Toz O 2% 16 0
1 ir 1)
-3 y
A(y) = e exp (—2 (v.1) ( k& O) (1)> ,
where the parameter I is a , i.e.
i = Var(Y¥ — Y/) 5 .

for any k € V.

Any valid I is a
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Parametric encoding of extremal conditional independence

Theorem
Let Y be a random vector with I and let A, B, C C [d] be disjoint. Then

) 1
Yale Yo | Ye = rank< 2 AIUTC’BUC o) =|C|+1.
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Parametric encoding of extremal conditional independence

Theorem
Let Y be a random vector with I and let A, B, C C [d] be disjoint. Then
—1lauceuc 1
YAJ_eY3|YC<:>rank 2 1-,—’ 0 :‘C|+1
In particular, for A ={i}, B={j} this implies

_ir,. . 1
Yi Le Y| Yc <= det < 2 {’}IUTC*{J}UC o) =0
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The Fiedler—Bapat identity and graph Laplacians

Fiedler—Bapat identity (Devriendt (2022))

Let ' be a Euclidean distance matrix. Then
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The Fiedler—Bapat identity and graph Laplacians

Fiedler—Bapat identity (Devriendt (2022))
_(© »p
“\pT o2)

Let I be a Euclidean distance matrix. Then
where © is a , i.e. © is positive semidefinite, symmetric and ©1 = 0,

-1
-ir 1
17 o0
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Fiedler—Bapat identity (Devriendt (2022))
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“\pT o2)

Let I be a Euclidean distance matrix. Then
. =il

1" 0
where © is a , i.e. © is positive semidefinite, symmetric and ©1 = 0,
02 =(217T 1), and p = 202T 1.

This yields that
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The Fiedler—Bapat identity and graph Laplacians

Fiedler—Bapat identity (Devriendt (2022))
Let I' be a Euclidean distance matrix. Then

. —1
=5 1l _ © p
17 0 p’ o%)’

where © is a , i.e. © is positive semidefinite, symmetric and ©1 = 0,

0?=(21"T7*1)7*, and p = 25°T 1.

This yields that
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The Fiedler—Bapat identity and graph Laplacians: Example

Example:
0 Mo T3 0 9 25
M2 0 Mz | =129 0 16
M3z T3 0 25 16 0
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The Fiedler—Bapat identity and graph Laplacians

Example Example:
For the example, this yields 0 T Tl 0 9 25
o 25 |\ 1 1 1 M 0 Ts|=|9 0 16
0 5 71 9 9 2 Ms T 0 25 16 0
9 16 1 25 1
_Z - 1 — b
2 0 2 _ 9 144 16 0
25 16 1 1 1
2 2?1 "6 16 2
1 1 25
1 1 1 0 5 0 > 7
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The Fiedler—Bapat identity and graph Laplacians: Example

Example

Example:
For the example, this yields 0 T Tl 0 9 25
9 25 - 1 1 1 2 0 Ts|=|9 0 16
0 -5 —5 ! 9 9 2 M3 T3 O 25 16 0
9 16 1 25 1
_Z —— 1 - = _ -
2 g 2 _ 9 144 16 0
25 16 1 1 1
5 2 91! "6 1 2
1 1 25
1 1 1 0 > 0 > 7

Figure 12: Path graph
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Hiisler—Reiss graphical model

e The Fiedler—Bapat identity yields that

Yi Le Y| Yiapn iy < det ( 2 [d]\l{%},[d]\{J} = 0.
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Hiisler—Reiss graphical model

e The Fiedler—Bapat identity yields that

Yi Le Y| Yiapn iy < det ( 2 [d]\l{%},[d]\{J} = 0.

e Using the adjugate matrix expression of the inverse, this
simplifies to

YiLe Vi | Yian(ijy < ©5=0.

Hiisler—Reiss graphical model
An undirected Hiisler—Reiss graphical model wrt G = (V, E)

imposes
j¢E = ©;=0.
e We call © the Hiisler—Reiss precision matrix.
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Hiisler—Reiss graphical model

e The yields that

7lr ) ) 1 912
Yi Le Y | Yigniijy <= det < 2 [d]\l{}}’[d]\{’} 0) =0.

e Using the adjugate matrix expression of the inverse, this O1a

©23
Yi Le Y | Yian(ijy <= ©; =0. ° O34 e

Figure 13: Weighted graph

simplifies to

Hiisler—Reiss graphical model
An wrt G = (V, E)
imposes

j¢E = ©;=0.

o We call © the Hiisler—Reiss
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Hiisler—Reiss graphical model

e The Fiedler—Bapat identity yields that

Yi Le Y| Yiapn iy < det < 2 [d]\l{%},[d]\{J} = 0.

e Using the adjugate matrix expression of the inverse, this
simplifies to

Yi Le Y | Yianijy <= ©5 =0.
Figure 13: Weighted graph
Hiisler—Reiss graphical model
ell 612 0 @14
O12 ©22 ©23 0
O 623 633 G)34
O14 0 O3s Ous

An undirected Hiisler—Reiss graphical model wrt G = (V, E)
imposes ©=
feE — ©;=0.

e We call © the Hiisler—Reiss precision matrix.

18



The Hiisler—Reiss elliptope

0? = (21"T7*1)7 ! is the squared radius of the circumsphere of the simplex corresponding to the
Euclidean distance matrix.
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The Hiisler—Reiss elliptope

0? = (21"T7*1)7 ! is the squared radius of the circumsphere of the simplex corresponding to the
Euclidean distance matrix. If we bound it by 1, we obtain a convex, bounded object:

F13 4

Figure 14: Set of all Euclidean distance matrices with o2 < 1. 19



Conditional independence for
Hiisler—Reiss via modular functions



Relative entropy and multiinformation

Relative entropy
Let P and Q be two probability measures with probability densities p and g, defined over the same
space X C R? such that P is absolutely continuous with respect to Q. Then, the

is defined as

HPIQ) = [ plx)log (%) dx.
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Relative entropy and multiinformation

Relative entropy
Let P and Q be two probability measures with probability densities p and g, defined over the same
space X C R? such that P is absolutely continuous with respect to Q. Then, the

is defined as

HPIQ) = [ plx)log (%) dx.

Multiinformation

The mp of a subset | C [d] is defined as:
me(1) := H(P/ | T] P).
icl

20



Conditional independence via modular functions

Theorem (Studeny (2005))

Let X be a random vector with probability measure P and finite multiinformation. Then for any
disjoint A, B, C C [d] the

mp(ABC) + mp(C) > mp(AC) + mp(BC)7
with equality (= modular) if and only if the subsets satisfy the relation:

mp(ABC) + mp(C) = mp(AC) = mp(BC) =0 <= Xu 1l Xp ‘ Xc.
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Conditional independence via modular functions

Theorem (Studeny (2005))

Let X be a random vector with probability measure P and finite multiinformation. Then for any
disjoint A, B, C C [d] the

mp(ABC) + mp(C) > mp(AC) + mp(BC)7
with equality (= modular) if and only if the subsets satisfy the relation:

mp(ABC) + mp(C) = mp(AC) = mp(BC) =0 <= Xu 1l Xp ‘ Xc.

Example: Gaussian

Let X be a d-variate distribution with correlation matrix R, the multiinformation function
has the explicit expression

1
mp(l) = —5 log(det(Ry.1)),
for any I C [d]. Thus, for any disjoint A, B, C C [d] we obtain that Xa L Xz | Xc is equivalent to

1 1 1 1
—5 |0g(det(RABc,A55)) = 5 |Og(det(Rcyc)) + 5 |Og(det(RAC,Ac)) == 5 |Og(det(RBc,Bc)) = (0.
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Conditional independence for Hiisler—Reiss via modular functions

Definition

Let Y be a vector with variogram TI'. For () # | C [d], we define m"™® (1) as

HR 1 /2 1
m™(l) = —2Iogdet< 4T o)

and we let m"?(() := 0.
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Conditional independence for Hiisler—Reiss via modular functions

Definition

Let Y be a vector with variogram TI'. For () # | C [d], we define m"™® (1) as

HR 1 /2 1
m™(l) = —2Iogdet< 4T o)

and we let m"?(() := 0.

Theorem

Let Y be a Hiisler-Reiss vector. Then for any nonempty disjoint A, B, C C [d], the function m"® is
m"™(ABC) + m"™(C) > m"™R(AC) + m"™(BC),

with equality (= modular) if and only if the subsets satisfy the conditional independence
relation

m™(ABC) + m"™(C) = m"™(AC) + m"™(BC) <= Ya L. Ys| Yc.

22



Modularity of ¢?

The Fiedler—Bapat identity of the submatrix I';,; gives

2 1\ (e() p)
1 o) Tl 2))

23



Modularity of ¢?

The Fiedler-Bapat identity of the submatrix '} ; gives
-1
/2 1 _ o)  p(I)
17 0 p(NT (1))

Let Y be a vector that satisfies . Then for any nonempty
disjoint A, B, C C [d], the function o2 is submodular

Theorem

0?(ABC) + 6*(C) < 0*(AC) + 0*(BC),

with equality (= modular) if and only if the subsets satisfy the conditional independence
relation:

0*(ABC) 4+ 0*(C) = 6°(AC) + 0°(BC) <= Ya le Yg| Yc.

23



Parameter learning



The empirical variogram

e Assume i.i.d. observations yi,...,y, from a
Hiisler—Reiss distribution.

Scatterplot of Hisler-—Reiss data
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The empirical variogram

e Assume i.i.d. observations yi,...,y, from a
Hiisler—Reiss distribution.

o Let Z, :={ie{1,...,n}: yi > 0}.
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The empirical variogram

e Assume i.i.d. observations yi, .
Hiisler—Reiss distribution.

o Let Z, :={ie{1,...,n}: yi > 0}.

..,yn from a

Scatterplot of Hisler-—Reiss data

kth sample variogram o ¢
Let ?(k) be the kth sample variogram with J ) N O e
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where y = Tz Zielk yi. ,.::,.
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The empirical variogram

e Assume i.i.d. observations y1,
Hiisler—Reiss distribution.

o Let Z, :={ie{1,...,n}: yi > 0}.

..,yn from a

Scatterplot of Hisler-—Reiss data

kth sample variogram o ¢
Let ?(k) be the kth sample variogram with J & °«
° ..} : ‘. S °
— ° o e L3 }
ruv = |I ‘ Z((YIU yu (_)/lv _yv)) 5 R .. TR ] !.o . ®
I€ELy o 00 e o o o ®ee0 E ° 00 o ° =
w. L]
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where y = Tz Zielk yi. ..::..
e The empirical variogram is then defined as '” .‘.'
d L]
1 .
=3 Z
k
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Hiisler—Reiss distribution.

o Let Z, :={ie{1,...,n}: yi > 0}.
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Scatterplot of Hisler-—Reiss data

kth sample variogram o ¢
Let ?(k) be the kth sample variogram with J & °«
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ruv = |I ‘ Z((YIU yu (_)/lv _yv)) 5 R .. TR ] !.o . ®
I€ELy o 00 e o o o ®ee0 E ° 00 o ° =
w. L]
o _ 1 o ®o ..
where y = Tz Zielk yi. ..::..
e The empirical variogram is then defined as '” .‘.'
d L]
1 .
=3 Z
k

e The empirical variogram is a consistent
estimator of .
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Parameter estimation in Hiisler—Reiss graphical models

e Idea: Use maximum likelihood estimation to estimate the parameter I' in Hiisler—Reiss graphical
models.
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Parameter estimation in Hiisler—Reiss graphical models

e Idea: Use maximum likelihood estimation to estimate the parameter I' in Hiisler—Reiss graphical
models.

e Problem: Form and support of Hiisler—Reiss log-likelihood.

e Alternative approach: Use a surrogate (Gaussian) log-likelihood.
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Laplacian-constrained Gaussian graphical model

Let H' ™' := {x € R?: 3¢ | x; = 0} and Det(-) the pseudo-
determinant.
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Laplacian-constrained Gaussian graphical model

Let H ™ = {xeRY: 3"
determinant.

d
i=1

x; = 0} and Det(+) the pseudo-

Figure 15: The hyperplane A1
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Laplacian-constrained Gaussian graphical model

Let H9 ' :={xecR?: 27:1 x; = 0} and Det(-) the pseudo-

determinant.

Definition

Let © be a p.s.d. signed graph Laplacian and . € H~1. We call a

(degenerate) Gaussian random vector W with density

on H9 ™t a

fuly) o< v/Ber@ exp (=50~ 10y~ )

Gaussian graphical model (

Figure 15: The hyperplane A1
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Laplacian-constrained Gaussian graphical model

Let HY™t = {x e RY: 27:1 x; = 0} and Det(+) the pseudo-

determinant. -
Definition

Let © be a p.s.d. signed graph Laplacian and . € H~1. We call a
(degenerate) Gaussian random vector W with density 1

fuly) o< v/Ber@ exp (=50~ 10y~ ) .

onH%ta Gaussian graphical model ( ).

. L Figure 15: The hyperplane H?!
An LCGGM is an exponential family, its sufficient statistic is a & yperp

variogram matrix.
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Decomposition of Hiisler—Reiss exponent measure density

Decomposition of Hiisler—Reiss

For a vector Y with parameter I it is
17
Aly) ocexp [ =2y 1) - fw(y),

where W is an LCGGM with p = (I — 2117) (—3I) 1 and

precision matrix ©.
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Aly) ocexp [ =2y 1) - fw(y),

where W is an LCGGM with p = (I — 2117) (—3I) 1 and

precision matrix ©.

e The Hiisler—Reiss density has a “radial-angular”
representation.
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Decomposition of Hiisler—Reiss

For a Hiisler—Reiss vector Y with parameter I it is 11,
17
Aly) ocexp ( =~y 1) - fwl(y), 05
where W is an LCGGM with p = (I — 2117) (—3I) 1 and a
-1 —05 0.5 1

precision matrix ©.

~05
e The Hiisler—Reiss density has a “radial-angular”

representation. Only the angular part depends on ©. 1

Figure 16: "Radial-angular" decomposition

27



Decomposition of Hiisler—Reiss exponent measure density

Decomposition of Hiisler—Reiss
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Aly) ocexp ( =~y 1) - fwl(y), 05
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precision matrix ©.
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representation. Only the angular part depends on ©. 1

e Problem: Both 1 and © depend on T. Figure 16: "Radial-angular" decomposition
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Decomposition of Hiisler—Reiss exponent measure density

Decomposition of Hiisler—Reiss

For a Hiisler—Reiss vector Y with parameter I it is 11,
17
Aly) ocexp ( =~y 1) - fwl(y), 05
where W is an LCGGM with p = (I — 2117) (—3I) 1 and a
-1 —05 0.5 1

precision matrix ©.

~05
e The Hiisler—Reiss density has a “radial-angular”

representation. Only the angular part depends on ©. 1

e Problem: Both 1 and © depend on T. Figure 16: "Radial-angular" decomposition

e Approach: Set p to zero and use empirical variogram as
sufficient statistic.

27



LCGGM log-likelihood

The LCGGM log-likelihood is
£(©;T) = log Det(©) + %tr(?@),

where T is a sample variogram matrix.
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LCGGM log-likelihood

The LCGGM is
£(©;T) = log Det(©) + %tr(r@),

where T is a sample variogram matrix.

Maximum likelihood estimator (MLE)
The MLE is

5 =argmax ¢(9; ), s.t. © is p.s.d.
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LCGGM log-likelihood

The LCGGM is
£(©;T) = log Det(©) + %tr(r@),

where T is a sample variogram matrix.

Maximum likelihood estimator (MLE)
The MLE is

5 =argmax ¢(9; ), s.t. © is p.s.d.

-1
Il
=

The scores Vol(©;T) =T —T yield that the is
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Surrogate MLE under graphical constraints

Surrogate MLE under graphical constraints

Let /w be the log-likelihood of the LCGGM W and let T be an empirical variogram. We call

e = argmax £(©;T) s.t.©; =0, Vije€E.
e

the with respect to G = (V, E).
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Surrogate MLE under graphical constraints

Surrogate MLE under graphical constraints

Let /w be the log-likelihood of the LCGGM W and let T be an empirical variogram. We call

e = argmax £(©;T) s.t.©; =0, Vije€E.
e

the with respect to G = (V, E).
This is a

Fj=T;  V(i.j) €E,

©; =0, v(i,j) ¢ E,

29



Figure 17: Example
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Figure 17: Example
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Example

Figure 17: Example

0 T2 7 T x 7.0 7
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This graph is not decomposable/ chordal, and we need to obtain the solution numerically. However, if
the graph is decomposable, the matrix completion problem has a rational solution! -



Rational solution for the Laplacian matrix completion problem

e For some d x d-matrix M and some index set A C V with #V =d, let [I\/IA,A]d be the
d x d-matrix that equals M;; for i,j € A, and zero elsewhere.
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Rational solution for the Laplacian matrix completion problem

e For some d x d-matrix M and some index set A C V with #V =d, let [I\/IA,A]d be the
d x d-matrix that equals M;; for i,j € A, and zero elsewhere.

o Let G =(V,E) be a decomposable connected graph with #V = d, set of maximal cliques C and
set of separating cliques S.
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Rational solution for the Laplacian matrix completion problem

e For some d x d-matrix M and some index set A C V with #V = d, let [I\/IA,A]d be the
d x d-matrix that equals M;; for i,j € A, and zero elsewhere.

e Let G=(V,E)bea with #V = d, set of maximal cliques C and
set of separating cliques S.

Solution for decomposable graphs

Then, the Laplacian matrix completion problem is by
6 => [0Tcol’— > uS)[b(Tss)”,
cec Ses

where 0(T'a,4) is the signed graph Laplacian corresponding to ['a 4 and v(S) is the number of times
the separating clique S appears in a perfect sequence.
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Figure 18: A decomposable graph




Example

Figure 18: A decomposable graph
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Structure learning for Hiisler—Reiss and
extremal MTP,




Structure learning

e In structure learning we are interested in learning the sparsity pattern of © from data.
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Structure learning

e In structure learning we are interested in learning the sparsity pattern of © from data.

e Various graphical lasso approaches have been proposed, where an ¢1-penalty is added to a
log-likelihood. — Engelke et al. (2025), Wan and Zhou (2023)

Another option is penalized score matching. — Lederer and Oesting (2023)

If positive dependence can be assumed, the extremal MTP, method is a combined structural and
parametric estimation procedure with favorable properties. — R. et al. (2023)
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Extremal MTP,

Definition

A random vector with density f is (MTPy) if for all x,y € R:

fO)f(y) < fF(xAy)f(xVy).
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Extremal MTP,

Definition

A random vector with density f is (MTPy) if for all x,y € R:

fO)f(y) < fF(xAy)f(xVy).

e Clearly, the definition of MTP; is only useful on

e Therefore, we introduce an version in a similar way to conditional independence:

Definition
(EMTP2) when Vk € V it holds that
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EMTP; for Hiisler—Reiss

Theorem

A Hiisler—Reiss distribution with parameter matrix ' and precision matrix © is if and only if
©; <0 for all i # j.
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We propose a (MLE) under EMTP>:
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EMTP; for Hiisler—Reiss

Theorem

A Hiisler—Reiss distribution with parameter matrix ' and precision matrix © is if and only if
©; <0 for all i # j.

Assume a Hiisler—Reiss distribution and an empirical variogram matrix I'.

Surrogate MLE
We propose a (MLE) under EMTP>:

~

© = argmax log Det(©) + %(ef), sit. ©; <0 Vi#j.

where Det denotes the pseudo-determinant.
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Properties of the surrogate MLE under EMTP,

e Ois usually sparse through the KKT conditions
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Properties of the surrogate MLE under EMTP,

e Ois usually sparse through the KKT conditions
e Ying et al. (2021) showed that the estimator exists when T > 0.

e We implement a block descent algorithm in R.

Theorem

For a Hiisler—Reiss distribution that is EMTPs, the estimator © converges in probability to ©.

Theorem
The estimated EMTP> graph is asymptotically a of the true underlying graph.
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Application




Application

Data example from Asadi et al. (2015, AoAS): Danube basin flow data measured at 31 stations.

Altitude

m
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Figure 19: Topographic map.
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Application

Data example from Asadi et al. (2015, AoAS): Danube basin flow data measured at 31 stations.

®
@ ®
® ®
Altitude m @ @ @ @
200 2000 4000
® ® ®
@ @ @
® @
@)
@)
®
Figure 19: Topographic map. Figure 20: Flow graph.
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Exploratory analysis

Empirical estimates ©; for edges in the flow graph (left) and the non-diagonal remaining entries
(right).

20
!
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EMTP; graph

We obtain a sparse estimate for the EMTP, graph:

©]
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Figure 7: Flow graph.
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EMTP; graph

We obtain a sparse estimate for the EMTP, graph:
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Figure 7: Flow graph. Figure 8: EMTP, graph.
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The EMTP; estimator performs better than other graphical methods and is competitive with the
specialized model of Asadi et al. (2015, AoAS)!

twice neg logLH  nb par AIC

empirical variogram 270.58 465 1200.58
flow graph 1465.22 30 1525.22

MST 1390.04 30 1450.04

best block graph MST 1263.55 42 134755
Asadi et al. 1107.78 6 1119.78

EMTP;> estimator 1034.42 67 1168.42

Table 1: Results for the different models fitted to the Danube river data set; columns show twice the negative
log-likelihood, the number of model parameters and the AIC values, respectively.
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Colored Hiisler—Reiss graphical models




e Graphical models are often sparse, but can still
have many parameters.

a1



40°N-

e Graphical models are often sparse, but can still
have many parameters.

e Parameter reduction that maintains graphical
structure possible via colored graphical models.

Figure 23: Flight connections in the eastern United
States.
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e Graphical models are often sparse, but can still

have many parameters.

e Parameter reduction that maintains graphical
structure possible via colored graphical models.

e Basic idea: Edges with the same color
impose parameter symmetries.

40°N-

30°N -

Figure 23: Flight connections in the eastern United
States.
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40°N-

e Graphical models are often sparse, but can still

have many parameters.

e Parameter reduction that maintains graphical arne

structure possible via colored graphical models.
e Basic idea: Edges with the same color
impose parameter symmetries. A

e Algebraically, these define affine constraints on

the parameter space of the model.
Figure 23: Flight connections in the eastern United

States.
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Hiisler—-Reiss RCON models

Let G = (V, E) be a graph and let A : E — [r] be a coloring
function.
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Hiisler—-Reiss RCON models

Let G = (V, E) be a graph and let A : E — [r] be a coloring
function.

Definition
A Hisler—Reiss RCON graphical model with precision matrix
© satisfies

1. ©, =0 for uv € E,

2. O = O, for A(st) = A(uv) for st,uv € E.
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Hiisler—-Reiss RCON models

Let G = (V, E) be a graph and let A : E — [r] be a coloring
function.

Definition

A Hiisler—Reiss RCON graphical model with precision matrix
© satisfies

1. ©, =0 for uv € E,
2. O = O, for A(st) = A(uv) for st,uv € E.

Example: With each edge color we associate a parameter w;: @

0 Figure 24: Colored graph with five nodes

* w1 w2 0 .
and six edges

w1 * w2 0 0

= w2 W2 *
0 0 * w1
O O w1 *
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Hiisler—Reiss RVAR models

Definition
A Hisler—Reiss RVAR graphical model with precision matrix
© and variogram matrix [ satisfies

1. ©, =0 when uv € E,
2. Te = I'yy when A(st) = A(uv) for st,uv € E.
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Hiisler—Reiss RVAR models

Definition
A Hisler—Reiss RVAR graphical model with precision matrix
© and variogram matrix [ satisfies

1. ©, =0 when uv € E,

2. Te = I'yy when A(st) = A(uv) for st,uv € E.

Example: With each edge color we associate a parameter v;:
0 w1 12 % * * x *x 0 0 @
o0 o« * w w00 Figure 25: Colored graph with five nodes
=1 v 0 ) O=|* *x *x *x x and six edges
* K 0 un 0 0 x x =«
* * i O 0 0 * x
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Hiisler—Reiss RVAR models

Definition
A Hisler—Reiss RVAR graphical model with precision matrix
© and variogram matrix [ satisfies

1. ©, =0 when uv € E,

2. Te = I'yy when A(st) = A(uv) for st,uv € E.

Example: With each edge color we associate a parameter v;:
0 w1 12 % * * x *x 0 0 @
o0 o« * w w00 Figure 25: Colored graph with five nodes
=1 v 0 ) O=|* *x *x *x x and six edges
* K 0 un 0 0 x x =«
* * i O 0 0 * x

Note that this is a
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Application




Flights data

e We demonstrate the application of the RVAR model on the
flight delays data set of Hentschel et al. (2022), which is
available in the R package graphicalExtremes.

5w s0'w W oW 65W

Figure 26: Flight connections for the
eastern cluster.

a4



Flights data

e We demonstrate the application of the RVAR model on the
flight delays data set of Hentschel et al. (2022), which is
available in the R package graphicalExtremes.

e The data set consists of total daily delays in minutes for
airports in the United States.
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e The data set consists of total daily delays in minutes for
airports in the United States.

e We select all daily observations for a cluster of airports in the
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in n = 5347 daily observations.
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Flights data

e We demonstrate the application of the RVAR model on the
flight delays data set of Hentschel et al. (2022), which is
available in the R package graphicalExtremes.

e The data set consists of total daily delays in minutes for
airports in the United States.

e We select all daily observations for a cluster of airports in the
eastern US with at least 2000 incoming and outgoing annual
flights between 2005 and 2020.

e \We remove any day with missing observations, which results
in n = 5347 daily observations.

e The data is split into training and validation data sets.

5w s0'w W oW 65W

Figure 26: Flight connections for the
eastern cluster.
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RVAR estimation for the eastern cluster

e We calculate the empirical variogram T.
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colors, we cluster the edges into edge color
classes depending on T.
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RVAR estimation for the eastern cluster

e We calculate the empirical variogram T.

e We estimate the graphical structure with a
structure learning method (EMTP2). This
gives a graph with 24 nodes and 101 edges.

e For each number of colors between 1 and 25
colors, we cluster the edges into edge color
classes depending on T.

o We calculate the estimator and the
Hiisler—Reiss log-likelihood on the test data.

o
g _
S pYE
! ’
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o
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£ 8 R T
= & | /
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D
(@] -
- o
o
© _|
—
o™
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number of colors k

Figure 27: Eastern cluster likelihoods. The dashed line
refers to the EM TP, estimator and the solid line to T.
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Best RVAR graph estimate

40°N -

30°N -

20°N -

85:’W 80°W 75°W 70°W 65°W

Figure 28: Eastern cluster graph estimate with 3 colors
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Latent Hiisler—Reiss graphical models




Latent Hiisler—Reiss graphical models

e Engelke and Taeb (2024) introduced a latent Hiisler—Reiss graphical model.
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Latent Hiisler—Reiss graphical models

e Engelke and Taeb (2024) introduced a latent Hiisler—Reiss graphical model.
e Let some random vector X = (Xo, X) be in the domain of attraction of a Hiisler—Reiss vector Y
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with parameters
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e The precision matrix corresponding to oo can be obtained for example via the Fiedler—-Bapat
identity and calculates as the Schur complement

© =600 — ©0H(Oun) *Ono.
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e The precision matrix corresponding to oo can be obtained for example via the Fiedler—-Bapat
identity and calculates as the Schur complement

© =600 — ©0H(Oun) *Ono.

e Now, if X is in the domain of attraction of a sparse Hiisler—Reiss graphical model, the underlying
parameter matrix © is sparse.
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Latent Hiisler—Reiss graphical models

e Engelke and Taeb (2024) introduced a latent Hiisler—Reiss graphical model.

e Let some random vector X = (Xo, X) be in the domain of attraction of a Hiisler—Reiss vector Y

r_ Foo Ton o- ©o0 ©on
Thvo Thw)’ ©no ©Onm /)’

e Then, the random vector X is in the domain of attraction of a Hiisler—Reiss distribution with

with parameters

variogram [ oo.
e The precision matrix corresponding to oo can be obtained for example via the Fiedler—-Bapat
identity and calculates as the Schur complement

© =600 — Oon(Onn) 'Ono.

e Now, if X is in the domain of attraction of a sparse Hiisler—Reiss graphical model, the underlying
parameter matrix © is sparse.
= We can learn the sparsity pattern using separate penalization of the sparse and low-rank
components.

47



Directed graphical models in extremes




Directed graph terminology

e Let G = (V, E) be a graph with vertex set V and edge
set EC V x V.
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e Let G = (V, E) be a graph with vertex set V and edge
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e A directed acyclic graph (DAG) is a directed graph
without directed cycles.
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Directed graph terminology

e Let G = (V, E) be a graph with vertex set V and edge
set EC V x V.

e A directed acyclic graph (DAG) is a directed graph
without directed cycles.

Figure 29: Diamond DAG
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Directed graph terminology

e Let G = (V, E) be a graph with vertex set V and edge
set EC V x V.

e A directed acyclic graph (DAG) is a directed graph
without directed cycles.

e Let pa(/) be the set of parents of some i € V.

Figure 29: Diamond DAG
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Directed graph terminology

Let G = (V, E) be a graph with vertex set V and edge
set EC V x V.

A directed acyclic graph (DAG) is a directed graph
without directed cycles.

Let pa(i) be the set of parents of some j € V.

In this talk we only consider rooted DAGs!

Figure 29: Diamond DAG
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Global Markov property

Definition
A multivariate Pareto distribution Py satisfies the
with respect to a DAG G = (V, E) if

Allg B|C= Ya L. Yg|Yc,

for all disjoint index sets A, B, C C V.

Figure 30: Diamond DAG
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Global Markov property

Definition
A multivariate Pareto distribution Py satisfies the
with respect to a DAG G = (V, E) if

AJ_Lg B‘CZ} Ya Le Y5|Yc,

for all disjoint index sets A, B, C C V. Then we call Y a
with respect to G.

Figure 30: Diamond DAG
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Global Markov property

Definition
A multivariate Pareto distribution Py satisfies the
with respect to a DAG G = (V, E) if

AJ_Lg B‘CZ} Ya Le Y5|Yc,

for all disjoint index sets A, B, C C V. Then we call Y a
with respect to G.

Example:

e The set {2,3} blocks both paths from 1 to 4. Hence,

1 LG 4‘{2'3} = Yl Le \/4|{Y27 Y3}

Figure 30: Diamond DAG
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Global Markov property

Definition
A multivariate Pareto distribution Py satisfies the
with respect to a DAG G = (V, E) if

A J_Lg B|C = Ya L. Y5|Yc,

for all disjoint index sets A, B, C C V. Then we call Y a
with respect to G.

Example:

e The set {2,3} blocks both paths from 1 to 4. Hence,

1 LG 4‘{2*3} = Yl Le \/4|{Y27 Y3}

e The singleton 1 blocks all paths between 2 and 3

Figure 30: Diamond DAG

because of the collider 2 — 4 < 3. Hence,

2 1l¢ 3‘1 =Y g Y3‘Y1.
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Conditional exponent measure density

Let Y be multivariate Pareto with exponent measure density .
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Conditional exponent measure density

Let Y be multivariate Pareto with exponent measure density .

Definition
Let A ( )
\ — AUC\YAUC
(YA | YC) AC(_\/C)
be the of YX given Y& =yec.
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Conditional exponent measure density

Let Y be multivariate Pareto with exponent measure density .

Definition
Let A ( )
\ — AUC\YAUC
(YA | YC) AC(_\/C)
be the of YX given Y& =yec.

Thus, extremal conditional independence Ya L. Yg | Yc is equivalent to

Alyaus | ye) = Aya | yeo)A(ys | yc)
forally € £ =U,., £~
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Markov factorization property

Definition

A multivariate Pareto distribution Py satisfies the
with respect to a DAG

G = (V, E) if the exponent measure density A satisfies

AW) = [T Ao | Ypaw): Wy € L.

vev
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Markov factorization property

Definition

A multivariate Pareto distribution Py satisfies the
with respect to a DAG

G = (V, E) if the exponent measure density A satisfies

AW) = [T Ao | Ypaw): Wy € L.

vev

Then we call Y a with
respect to G.
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Markov factorization property

Definition

A multivariate Pareto distribution Py satisfies the
with respect to a DAG

G = (V, E) if the exponent measure density A satisfies

AW) = [T Ao | Ypaw): Wy € L.
veV

Then we call Y a with
respect to G.

For the diamond DAG, this implies

Figure 31: Diamond DAG

A(Y) = M) M(y2lyn)A(yslyr ) A(yvaly2, ys)

forally € L.
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Markov factorization property

Definition

A multivariate Pareto distribution Py satisfies the
with respect to a DAG

G = (V, E) if the exponent measure density A satisfies

AW) = [T Ao | Ypaw): Wy € L.
veV

Then we call Y a with
respect to G.

For the diamond DAG, this implies

Figure 31: Diamond DAG

A(Y) = M) M(y2lyn)A(yslyr ) A(yvaly2, ys)

forally € L.

Corollary

The extremal global Markov and factorization properties are
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Conditional exponent measure density for Hiisler—Reiss

Hiisler—Reiss conditional exponent measure density
Let Y be distributed with variogram matrix .
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Conditional exponent measure density for Hiisler—Reiss

Hiisler—Reiss conditional exponent measure density
Let Y be distributed with variogram matrix I'. For any disjoint A,C C V it is

A(ya | ye) = ﬁ exp (_%(yA S u*)) |
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Conditional exponent measure density for Hiisler—Reiss

Hiisler—Reiss conditional exponent measure density
Let Y be distributed with variogram matrix I'. For any disjoint A,C C V it is

A(ya | ye) = ﬁ exp (_%(yA S u*)) |

where
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Conditional exponent measure density for Hiisler—Reiss

Hiisler—Reiss conditional exponent measure density
Let Y be distributed with variogram matrix I'. For any disjoint A,C C V it is

A(ya | ye) = ﬁ exp (_%(YA S u*)) |

where

1 “iree 1\ [=irca

T.=—oTaa— (~irac 1) (7 2° 2.6

Pl 2’ AC 1T o i

and
[ 1\

o= (Arac 1) [ 27 ey,

M ( ol ANE) lT 0 1
The conditional exponent measure density is I Furthermore, when AU C = V/, it holds that
Y. l=04a.

52



Structural equation models from
threshold exceedances




Extremal SEMs

Definition
Let G be a DAG in k.

Figure 32: Example for a rooted DAG
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Extremal SEMs

Definition
Let G be a DAG in k. If Y*(= Y|Yx > 0) satisfies

Y ~ Exp(l)
Yvk :‘UV(kaa(v))+€V? V# ka

Figure 32: Example for a rooted DAG
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Extremal SEMs

Definition

Let G be a DAG in k. If Y*(= Y|Yx > 0) satisfies
Yi  ~Exp(1)
Yvk :‘UV(kaa(v))+€V? V# ka

for independent noise variables (£,),2« and structural
assignments W, with

WV(yPB(V) +tl) = WV(yPB(V)) +t,

Figure 32: Example for a rooted DAG
for any t € R, we call Y an
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Extremal SEMs

Definition

Let G be a DAG in k. If Y*(= Y|Yx > 0) satisfies
Yi  ~Exp(1)
Yvk :‘UV(kaa(v))+€V? V# ka

for independent noise variables (£,),2« and structural
assignments W, with

Wv(ypa(v) + t]-) = wv(ypa(v)) +t,
Figure 32: Example for a rooted DAG
for any t € R, we call Y an
Proposition
An extremal SEM is extremal Markov to its underlying rooted DAG.
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Husler—Reiss structural causal models




Hiisler—Reiss structural causal models

o Let G be a rooted DAG with root node 1.
b1‘2/G>\l‘713
b24\‘®/b34

Figure 33: Diamond DAG with edge weights
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Hiisler—Reiss structural causal models

e Let G be a rooted DAG with root node 1. b @ b
o Let B = (bj)i<ij<a be the adjacency matrix of G. 17 13

& O
b24\@434

Figure 33: Diamond DAG with edge weights

0 b2 bz O
B— 0 O 0 boa

0 O 0 b3a

0 O 0 0
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Hiisler—Reiss structural causal models

e Let G be a rooted DAG with root node 1. b @ b
o Let B = (bj)i<ij<a be the adjacency matrix of G. 17 13

e Assume B/;1 =1 @ @
b24\‘@‘/b34

Figure 33: Diamond DAG with edge weights

0 b2 bz O
B— 0 O 0 boa

0 O 0 b3a

0 O 0 0
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Hiisler—Reiss structural causal models

o Let G be a rooted DAG with root node 1. @

o Let B = (bj)i<ij<a be the adjacency matrix of G. / \

e Assume B\Tll =1 and let @ @
Y11 =R

= > bYi+e, W#l

i€epa(v) b @ b34

where R ~ Exp(1) and ¢, are ind. Gaussians.
Figure 33: Diamond DAG with edge weights

0 b2 bz O
B— 0 O 0 baa

0 O 0 b3a

0 O 0 0
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Hiisler—Reiss structural causal models

o Let G be a rooted DAG with root node 1. @

o Let B = (bj)i<ij<a be the adjacency matrix of G. / \

e Assume B\Tll =1 and let @ @
Y11 =R

Z brvY +5\/7 Vv;ﬁl,

o) b @ b34

where R ~ Exp(1) and ¢, are ind. Gaussians.
Figure 33: Diamond DAG with edge weights
Hiisler—Reiss structural causal model

We call the resulting multivariate Pareto vector Y a 0 b bis O
Hiisler—Reiss structural causal model (SCM) with 0 0 0 boa
respect to G. B= 0 0 0 bz

0 0 0 0
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Hiisler—Reiss structural causal models

e Let Y be a Hiisler—Reiss SCM with respect to a
rooted DAG G with root 1. 1 1

N~ e

Figure 34: Diamond DAG, assume baa + b3s = 1.
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Hiisler—Reiss structural causal models
e Let Y be a Hiisler—Reiss SCM with respect to a
rooted DAG G with root 1. 1 1
e Y is a directed Hiisler—Reiss graphical model with /

respect to G. @ @
bz\ ‘/b34

Figure 34: Diamond DAG, assume baa + b3s = 1.
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Hiisler—Reiss structural causal models

e Let Y be a Hiisler—Reiss SCM with respect to a

rooted DAG G with root 1. 1 1
e Y is a directed Hiisler—Reiss graphical model with /

respect to G. @ @
e Let B be the adjacency matrix and let v2,...03

be the noise variances. \ /

b2a @ b3a

Figure 34: Diamond DAG, assume baa + b3s = 1.
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Hiisler—Reiss structural causal models
e Let Y be a Hiisler—Reiss SCM with respect to a
rooted DAG G with root 1. 1 1
e Yisa with / \

respect to G.
e Let B be the adjacency matrix and let v2,...03
be the noise variances. \ /
bo b3a

Hiisler—Reiss SCM precision matrix 4 @
The Hiisler—Reiss precision matrix © can be factorized
as Figure 34: Diamond DAG, assume baa + b3s = 1.
1
VZ
2
0=(-B")\v - (I =B v
1
VZ
d
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Hiisler—Reiss structural causal models
e Let Y be a Hiisler—Reiss SCM with respect to a
rooted DAG G with root 1. 1 1
e Yisa with \

respect to G. /
e Let B be the adjacency matrix and let v2,...03
be the noise variances. /
boa b3a

Hiisler—Reiss SCM precision matrix @
The Hiisler—Reiss precision matrix © can be factorized
as Figure 34: Diamond DAG, assume baa + b3s = 1.
1
vz Example:
T\T . T
@ == (I — B )\17\/ o (I — B )\17\/. %
q -1-1 0 V2 . 101 0 o
P =l 5 & == o <71 0o 1 o)
d o 0 134 3 a 0 —baa —bza 1

N
BN
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Structure learning




Structure learning

e We can adapt the PC-algorithm to this setting!
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Structure learning

e We can adapt the PC-algorithm to this setting!

e Furthermore, if X is an SCM wrt to a DAG G, the limiting multivariate Pareto Y will be an
extremal SCM wrt a subgraph of G.
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Structure learning

e We can adapt the PC-algorithm to this setting!

e Furthermore, if X is an SCM wrt to a DAG G, the limiting multivariate Pareto Y will be an
extremal SCM wrt a subgraph of G.

e This gives rise to extremal pruning.
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Extremal pruning

Data generating process X is wrt
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Extremal pruning

Data generating process X is wrt EEN Multivariate Pareto Y is wrt of G
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Extremal pruning

Data generating process X is wrt EEN Multivariate Pareto Y is wrt of G
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Extremal pruning

Data generating process X is wrt EEN Multivariate Pareto Y is wrt of G

e A structure estimate for X gives a starting point for , where we try to remove
edges.
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Extremal pruning

Data generating process X is wrt EEN Multivariate Pareto Y is wrt of G

e A structure estimate for X gives a starting point for , where we try to remove
edges.
e For each prunable edge, we employ a (based on Hiisler—Reiss).
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Hiisler—Reiss partial correlation test

e Y; L. Y;| Ys is equivalent to the vanishing of the conditional

covariance

=4
1o 1 —3Mss 1 —1rs;
2ruJ (*Erus 1) ( 17 0 17 .

Figure 35: Diamond DAG
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Hiisler—Reiss partial correlation test

e Y; L. Y;| Ys is equivalent to the vanishing of the conditional

covariance
=il
1 1 7lr575 1 7lr57j
e () ()
= Closed form for a partial correlation coefficient pjs (only s 85 Diiend DAG

depending on ') from the conditional covariance matrix.
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Hiisler—Reiss partial correlation test

e Y; L. Y;| Ys is equivalent to the vanishing of the conditional

covariance
=il
1 1 7lr575 1 7lr57j
e () ()
= Closed form for a partial correlation coefficient pjs (only s 85 Diiend DAG

depending on ') from the conditional covariance matrix.
Y1 Le Yal{Y2, Y3} <= p1aj23 =0
Y2 Le Y3[{Y1} < po31 =0
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Hiisler—Reiss partial correlation test

Hiisler—Reiss conditional independence test

For two indices /,j € V and a conditioning set S C V' \ {/,/}, we
would like to perform the

Ho:YiLleYj|Ys versus Hi:YifeYi|VYs.
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Hiisler—Reiss partial correlation test

Hiisler—Reiss conditional independence test

For two indices /,j € V and a conditioning set S C V' \ {/,/}, we
would like to perform the

Ho:YiLleYj|Ys versus Hi:YifeYi|VYs.

= We found a closed form for a coefficient
pijls based on T.
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Hiisler—Reiss partial correlation test

Hiisler—Reiss conditional independence test

For two indices /,j € V and a conditioning set S C V' \ {/,/}, we
would like to perform the hypothesis test

Ho:YiLleYj|Ys versus Hi:YifeYi|VYs.

. . .. Figure 36: Topographic map of the
= We found a closed form for a partial correlation coefficient . R i

based r upper Danube basin.
pij|s based on | .

o \We can restate the test Ho : pjjs = 0 versus Hi : pjs # 0.
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Hiisler—Reiss partial correlation test

Hiisler—Reiss conditional independence test

For two indices /,j € V and a conditioning set S C V' \ {/,/}, we
would like to perform the hypothesis test

Ho:YiLleYj|Ys versus Hi:YifeYi|VYs.

. . .. Figure 36: Topographic map of the
= We found a closed form for a partial correlation coefficient . PRl i

based r upper Danube basin.
pij|s based on | .

o \We can restate the test Ho : pjjs = 0 versus Hi : pjs # 0.

e Plugging in an estimator T then gives rise to a test statistic.
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Hiisler—Reiss partial correlation test

Hiisler—Reiss conditional independence test

For two indices /,j € V and a conditioning set S C V' \ {/,/}, we
would like to perform the hypothesis test

Ho:YiLleYj|Ys versus Hi:YifeYi|VYs.

. . .. Figure 36: Topographic map of the
= We found a closed form for a partial correlation coefficient . R i

based r upper Danube basin.
pij|s based on | .

o \We can restate the test Ho : pjjs = 0 versus Hi : pjs # 0. Stations | p-value

e Plugging in an estimator T then gives rise to a test statistic. 1-2 0.042
1-12 0.694
27-12 0.640
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Application




Extremal pruning for the path 1-12
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Extremal pruning for the path 1-12
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Extremal pruning for the path 1-12
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Extremal pruning for the path 1-12
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Outlook and discussion




Outlook and discussion

Future work:

e Extremal SCMs:

e Generalization to arbitrary DAG structures
e LINGAM approaches
e (Asymptotic) distribution of the test statistic?

e Inclusion of latent variables
e Understand better the Laplacian parametrization

e Find further real-world applications
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